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In this thesis we give a construction of cyclic cocycles on convolution algebras 
twisted by gerbes over discrete translation groupoids. In his seminal book, Connes 
constructs a map from the equivariant cohomology of a manifold carrying the action 
of a discrete group into the periodic cyclic cohomology of the associated convolution 
algebra. Furthermore, for proper etale groupoids, J.-L. Tu and P. Xu provide a map 
between the periodic cyclic cohomology of a gerbe twisted convolution algebra and 
twisted cohomology groups. 

Our focus will be the convolution algebra with a product defined by a gerbe over 
a discrete translation groupoid. When the action is not proper, we cannot construct an 
invariant connection on the gerbe; therefore to study this algebra, we instead develop 
simplicial notions related to ideas of J. Dupont to construct a simplicial form represent- 
ing the Dixmier-Douady class of the gerbe. Then by using a JLO formula we define a 
morphism from a simplicial complex twisted by this simplicial Dixmier-Douady form to 
the mixed bicomplex of certain matrix algebras. Finally, we define a morphism from 
this complex to the mixed bicomplex computing the periodic cyclic cohomology of the 
twisted convolution algebras. 
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Chapter 1 
Introduction 



In the early 1980's, Alain Connes described diverse motivations for studying var- 
ious non-commutative algebras and presented a framework for the subject now known 
as noncommutative geometry in [10]. One way to study such non-commutative alge- 
bras geometrically is by means of their cyclic cohomology. A smooth manifold M may 
be studied through its algebra of smooth functions C£°(M). In [8], Connes identifies 
the periodic cyclic cohomology of C£°(M) with the de Rham cohomology of M. This 
shows that cyclic cohomology can be seen as the appropriate generalization of de Rham 
cohomology to non-commutative algebras. 

If, in addition, M carries the action of a discrete group T, a natural question to 
ask is what the orbit space M/T looks like. In general the orbit space is not a manifold 
or even a Hausdorff space. The prescription of Connes' noncommutative geometry to 
deal with such "bad" quotients is to instead study the convolution algebra of smooth 
functions with compact support on the translation groupoid MxT. This is the algebra, 
C£°(M x T), of smooth functions with compact support on M x T with the discrete 
convolution product 

(fx */2)0,sO = h( x i9i)f2(xg 1 ,g 2 ) 

9192=9 

which in general defines a noncommutative algebra. Furthermore, in [9] and [10] Chap- 
ter III. 2, Connes describes the cyclic cohomology of the convolution algebra C£°(M x V) 
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via a morphism $ from a complex computing the de Rham homology of the ho- 
motopy quotient Mp = M Xp ET, i.e. the Borel model of equivariant cohomology 
iJp(M;C) = if*(Mp;C), to the (6, -B)-bicomplex computing the periodic cyclic coho- 
mology of C C °°(M x r), HP*(C™(M x T)). 

The main object of study in this thesis is the twisted convolution algebra C£°(M x 
r, L) and the periodic cyclic cohomology HP*(C^°(M x T, L)) defined as follows. Given 
a line bundle L — >• M X T as well as a collection of line bundle isomorphisms ^ 9l , 92 : 
L 9l <g> (L g2 ) 91 — ^ ^gig 2 f° r every 51,52 G T, where L g denotes the restriction of L to 
M g = M x {5}, the sections C°°(M x T, L) define a twisted convolution algebra with a 
convolution product defined by 

(/1 * /2)(a;,5) = X] ^9i,92(h\M B1 ® (/2U/ 92 ) 91 )(2;,5)- 
9192 =3 

The data (L, is a gerbe over the translation groupoid M x T. 

Gerbes were introduced by J. Giraud [17] and largely developed in a differential 
geometric framework by J.-L. Brylinski [6] to study central extensions of loop groups, 
line bundles on loop spaces, and the Dirac monopole among other applications. Just 
as line bundles may be seen as a geometric realization of classes in H 2 (M,Z,), gerbes 
on manifolds may be seen as a geometric realization of classes in H S (M, Z). In [2], the 
authors associate a certain type of differential graded algebra, called a curved dga, to 
a gerbe on an etale groupoid. Furthermore, considerable attention has been paid to 
gerbes recently due to their appearance in string theory and quantum field theory. For 
instance, in string theory, the B-field may be viewed as a gerbe as made explicit by D. 
Freed and E. Witten in [14]. The appearance of gerbes in string theory and quantum 
field theory has been studied by numerous mathematicians and physicists, e.g., in [4], 
[28], [15] and [7]. 

The main result of this thesis is the construction of a morphism analogous to 
Connes' $ map into the (6, i?)-bicomplex computing the periodic cyclic cohomology of 
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a twisted convolution algebra, HP*{C^(M x r,L)), where the twisting is determined 
by a gerbe (L, fi) on the translation groupoid M x T. Such a morphism, given by a 
JLO-type formula, was constructed by J.-L. Tu and P. Xu in [29] in the case of a gerbe 
over any proper etale groupoid. The construction of this thesis removes the properness 
requirement in the case of a discrete translation groupoid. In our situation one cannot 
construct a T-invariant connection on L — >• M X T as is done in [29]. In particular, this 
means that we cannot in general choose a connection V on L — > M X T that satisfies 
the cocycle condition 

V* g ,h(Vgh) = V 9 ® 1 + 1 ® (V fe ) 9 
where V 5 denotes V|m 9 - Instead there is some discrepancy a 6 Q ((M x T( 2 )) 

V 9 <8> 1 + 1 ® (V h ) 9 - /i* h (V a . ft ) = /»)■ 

The curvature forms of V s , 9 G 2 (M), define a form 6 1 € fi 2 ((A/ x r) {1) ). The g 
satisfy 

e g -e gh + e 9 h = da( g ,h) 

so that (—a, 0) is a cocycle that represents the Dixmier-Douady class in H S ((M x T).), 
the degree 3 de Rham cohomology of the groupoid M x T. 

To overcome this difficulty, the geometric data which forms the source of our 
morphism is constructed using simplicial notions similar to those of J. Dupont in 
[12]. Given a simplicial manifold M m , Dupont defines a complex of compatible forms 
(Q* (M 9 ) , ddR + g^a)- Elements of Q, k (M,) are sequences of /c-forms {w( n )}, where 
ujr n \ € Q k (M n x A n ), and which satisfy the compatibility condition 

(id x 9j)* w (n) = ^ x id)*W( n _i) 

on r2 fc (M n x A n_1 ) for < i < n and n > 1. Here 5j denotes the i th face map on 
M n and denotes the i th face map on the geometric simplex A"" 1 . Also d^R denotes 



the exterior differential on the simplicial manifold M, and d A denotes the exterior 
differential on the geometric simplex. 

The geometric data we use is a complex termed the twisted simplicial complex 

(Q*_((M x T).)[u],ud dR + d A - @ u A •) 

where fi^(M») is a rescaled version of the compatible forms fi*(M.) and u is a formal 
variable. The twisting is by a simplicial version of the Dixmier-Douady form 0„ in 
Q 3 _((M x r).). The 3-form @ u is constructed using the data of the gerbe (L,n) and 
additionally a choice of connection V on L — > M x T. From L — > M x T we define 
an infinite dimensional vector bundle 8 — > M as the direct sum bundle 8 = (B 9 er 
with the direct sum connection V £ . Then End 8 — > M is a vector bundle of finite rank 
endomorphisms over M. 

From the data (L, /i) we define connections V fc on the vector bundles 8k x A k — > 
(M x r)(fc) x A fc , where 8k = p* k 8 and : M x r fc — >■ M is the map : (m, gi, - ■ ■ ,gk) ^ 
m € M. While End£"fc — > (M x rW) forms a simplicial vector bundle, the sequence of 
End 8k- valued 2-forms defined by (V fc ) 2 do not define a simplicial form. Instead we are 

able to define a simplicial 2-form by the formula 

k 

&(k)(9u ■■■,9k) = (V fc ) 2 l;0 'i -n + Y a (9i ■ --91,91+1 ■ "9j)(Udtj - tjdti). 

i=l l<«<j<fc 

Here the difference between d^) an d (V fc ) 2 is a scalar valued form. The simplicial 
Dixmier-Douady form Q u is defined by (Q u )(k) = ^u(^u)(k), where and d u are 
rescaled versions of V fc and 

A simplicial version of the character formula of A. Jaffe, A. Lesniewski, and K. 
Osterwalder [21], similar to [23] and [18], given by 

Tv(u))(a ,a 1 ,...,a n ) = y~) \ 

k JM J A k 

U W A (J An tr { aoe ~ M ^ )w VS(«i)e" CTl(,?u) W • • • V k u (a n )e- aM w) da 1 ■ ■ ■ da n 
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for oj € Q^((M xi r).) and aj S C£°(M, End£), defines a morphism into group cochains 
valued in the (b, B) bicomplex of sections of End£, 

r v : (n*_(M.)[u],ud dR + d A - Q u A •) 

— ► (C'(T,C'(C™(M, Endf 6 + «B + <5 r ')- 

Following this we define algebraic morphisms 

(C*(r, C*(C C °°(M, End£))[u -1 ,u]), & + u£ + <5 r ') 

— >C*(C 6 °°(A-1~ x r,L)[n- 1 ,u],6 + u J B) 

into the periodic cyclic complex of the twisted convolution algebra C£°(M x T,L). 
The rest of this thesis is organized as follows. 

The content of Chapter 2 is standard material on simplicial cohomology, cyclic 
cohomology, and gerbes. 

In Chapter 3 we discuss gerbes on the translation groupoid and we define the 
twisted simplicial complex which is the source of the morphism. 

Chapter 4 describes the construction of the simplicial Dixmier-Douady form Q u . 

Finally, Chapter 5 contains the main result, a morphism from the twisted simpli- 
cial complex of a gerbe (L, n) on M x T to the periodic cyclic complex of the twisted 
convolution algebra C£°(M x T,L). 



Chapter 2 



Preliminaries 

2.1 Categorical notions 

First we will introduce some standard notions from category theory. This material 
is largely taken from [10] and [22]. 

2.1.1 The simplicial category 

Definition 2.1. The simplicial category A is the small category of objects [n], where 
[re] is the ordered set of n + 1 points, [n] = {0 < 1 < ■ ■ ■ < n}, n € N, and arrows 
the nondecreasing maps / : [n] — > [m]. For n, m 6 N, a map / : [n] — > [m] is called 
nondecreasing if /(z) > /(j) whenever f > j. 

There are certain morphisms in A called face maps and degeneracy maps that we 
focus on, as any other morphism may be written in terms of face maps and degeneracy 
maps. 

Definition 2.2. In A the face maps are the injections 6" : [n — 1] — > [n], < i < n, 
which skip over the i th point, i.e. such that 6™(i — 1) = i — 1, = i + 1. The 

degeneracy maps are the surjections cr™ : [n + 1] — > [n], < j < n, that sends both j 
and j + 1 to j, i.e. such that cr™(j) = cx™(j + 1) = j. When the context is clear, we will 
omit the superscript n. 



Proposition 2.3. The category A is generated by the morphisms 5" and cr" and has 

the presentation 







/or i < j 


(2.1) 




= c 




/or i < j 


(2.2) 






f 


for i < j 






= < 


id[n] 


if i = j or i = j + 1 


(2.3) 



Sj_iOj fori>j + l 

Proof. We can check that the above relations are obeyed by direct computation. We 
also need to show that this generates all of the morphisms in A. □ 

Definition 2.4. A simplicial object (respectively cosimplicial object) in a category C is 
a contravariant functor X m : A — > C (respectively a covariant functor X' : A — > C). We 
will often denote the objects X n = X([n]), n £ N, and the morphisms 5f = X»(5f) and 
a™ = X,(cr"), < i,j < n. In view of Proposition 2.3 , such a functor is determined 
entirely by the objects X n and the morphisms o!" and s™. When the morphisms are 
not specified, the functor is instead called a pre- simplicial object. 

Example 2.5. Some examples of simplicial objects are given by the following. 

(1) A contravariant functor X, : A — > Sets to the category of sets is called a 
simplicial set. 

(2) A contravariant functor X, : A —?■ Top to the category of topological spaces is 
called a simplicial space. 

(3) A contravariant functor X, : A —¥ Man to the category of smooth manifolds is 
called a simplicial manifold. This example will be discussed further in Section 
2.3. 



Definition 2.6. The geometric n-simplex is the cosimplicial space A* : A — > Top 
defined by A*([n]) = A n , where A n is the standard n-simplex 



A™ = | (t 0) ... ,t n ) G I^ n+1 : < U < 1, < i < = l| (barycentric) (2.4) 

= | (ti,... ,t„) G M n : ,t n > 0, < l| (Cartesian). (2.5) 

The Cartesian coordinates may be obtained from the barycentric coordinates eliminating 
to = 1 — t\ — ■ ■ ■ — t n . For barycentric coordinates 

A"(6?)(*o,.-->V-i) = (t ,.-.,^-i,0,t 4 ,...,t„-i) (2.6) 

A*(o-™)(t , • • • ,Wi) = (*o, • • • ,tj-i,tj + tj + i, . . . ,t n+ i), (2.7) 

and for Cartesian coordinates 



A"(5?)(ti,...,< 



Tl-1, 



(2.J 



A'(o7)(ti,...,Wi)= < 



(2.9) 



(1 — t\ — ■ ■ ■ — t n -i, t\, . . . , t n -\) i — 
(h, ■ ■ ■ ,ti-i,Q,ti, . . . ,t n -i) l<i<n 

(h, ■ ■ ■ * = 

(ti, . . . ,tj + tj+i, . . . ,t n+ i) 1 < i < n 
We will denote 8f = A*(5") and ?™ = A"(o£). 

Definition 2.7. Given a simplicial set (or space or manifold) X,, the fat realization of 
X., denoted ||X. ||, is the space 



|X.|| = \JX n x A"/ 



(2.10) 



n>0 



where ~ is the equivalence relation generated by (5f(x),t) ~ {x,df{t)), for (rr,t) € 
X„ x A n_1 . The geometric realization of X, denoted by \X\ is the space 



\X.\ = \JX n x A"/ 



(2.11) 



n>0 



where « is the equivalence relation generated by (f*(x),t) ?» (£,/*(£)) for (x,i) G 
X n x A"" 1 and any / € hom(A). 
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Definition 2.8. Let C( n ) consist of n-tuples of composable arrows in a (small) category 
C, with C(o) the objects of C. The nerve of C is the simplicial set C. : A — >■ Sets given 
on objects by C.([n]) = C/ n ) and on morphisms by the faces C.(6") = <5™ which compose 
adjacent morphisms in the i th place and by the degeneracies C.(o"™) = cr" which insert 
the identity morphism in the j th place, i.e. 



%■••,/„) = 



(/ 2 ,. 


• • ) /n) 




if * = 




(/l,. 


• • ) fifi+1 ; • • ■ 


i fn) 


for 1 < i < n — 1 


(2.12) 


(/l,. 


• • , /n-l) 




if i = n 




1, . . . 




• ■ i fn 


) 


(2.13) 



with (5q(/) the terminal object of / and 6\(f) the initial object of / and where /i/j+i = 
/i+i ° /i- The classifying space BC of the small category C is the geometric realization 
of the nerve of C. 

Example 2.9. (1) A discrete group T may be considered as a category with only 
one object *, with morphisms the elements of T and composition equal to the 
group product. The nerve of T is denoted by T. and is given by rV n ) = T n and 

g 2 ,...,g n ) for i = 0, 

$i(9i, ■■■,9n)= \ (g 1} . . .,gig i+1 , ... ,g n ) for 1 < i < n - 1, 
g±, . . . ,g n -i) for i = n 

s](gi,---,9n) = (gi,---,9jAr,gj+i,---,9n)- 



(2) A topological G-space X where G is a topological group (possibly with the 
discrete topology), i.e. a space X with an action of G, X x G — >X, can be 
considered as a category. The objects are elements of X and every g G G such 
that xg = x 1 determines a morphism from x S X to x' G X. The nerve of this 
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category is a simplicial space with objects X x G n and its geometric realization 
is the Borel space Ixg EG. 

2.2 Etale groupoids 

We will recall some standard material about groupoids. See [24], [11], or [25] for 
example. 

Definition 2.10. A groupoid is a (small) category Q in which every arrow is invertible. 
The set of objects is denoted by G(o) and the set of arrows is denoted by Gli)- The set 
of arrows will often be denoted simply by Q. For each arrow in Q(\\ there is a source 
object and a range object given by the range and source maps, r,s : Qm =t G(o)- To 
denote that g € Qm is an arrow with source s(g) = x and range r{g) = y we write 
either g : x — > y or x A y. 

As Q is a category, there is a rule of composition. Given two arrows y ^> z, x 
y € Q<\\ such that s(gi) = r{g2), their composition is an arrow x glg2 > z called their 
product. If we define pairs of composable arrows as 

0(2) = X S (0 ) = {(51,52) S G {1) x g {1) : s(gi) = r(g 2 )} (2.14) 

then the product defines the multiplication map 

m:Q(2) ->• 0(i), m(g 1 ,g 2 ) = gig 2 - (2.15) 

As the composition in a category is required to be associative, the groupoid product is 
associative. 

For any object x 6 £/(q) there is an identity morphism \ x : x — > x that satisfies 
l x g = gl y = g for any arrow x A- y £ C/n) • The umi map is then 

u : Q(q) ^(i), = l x . 
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Every arrow g : x — > y in Qn\ is invertible so we will denote the inverse of g by 
g~ l : y — > x. With this we can define the inverse map 

i ■■ G(i) ->• £7(i), i{g)=g~ 1 . 
Then g"^ = l x and = l y . 

Remark 2.11. As a groupoid is a category, definition 2.8 applies and there is a sim- 
plicial set called the nerve of Q. 

Definition 2.12. As in [5], Section 2.3, we will define the following projection maps. 
For < i < n and Q, the nerve of Q let zuf : Qui) G(o) be the initial object of 
the first morphism when i = and the final object of the i th morphism (which is the 
initial object of the (i — l) st morphism) when i 7^ 0. For < j < n, < ij < m, the 
map m™ Q x • • • x vcrf m : Q( n ) —> {Q(Q)) m factors into maps Qu^ — > Q( m ) and the canonical 
projection G( m ) ~> (G(o)) m - The map Qt n \ — > Q{ m ) wm be denoted wf ... im . We may 
write zuf n ,■ explicitly as 

ro r o -i m : fol. • • • ,9n) | -> (Si; • • • >SVJ 

where, for 1 < k < m 

9i k -!+i ■■■9i k if *jfe— 1 < 
id s ( 5i j ifijfe_i=ijfc 

Remark 2.13. The maps 5" of Definition 2.12 may be written zu™ , : £?( n ) — >■ <7( n _i) 
where i denotes the omission of i. 

Definition 2.14. A Lie groupoid is a groupoid in which the sets G(o) and C/m are smooth 
manifolds and the structure maps r, s,u,i,m are smooth. Furthermore, the range and 
source maps r, s : =4 C/(o) are required to be submersions so that the domain of the 



9k = S 
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multiplication map, Q(2)i ls a manifold. An etale groupoid is a Lie groupoid in which 
the source map is etale, i.e. a local diffeomorphism. In this case the other structure 
maps are etale as well. 

Example 2.15. We will now give some examples of groupoids. 

(1) Any group G may be viewed as a groupoid by taking the object set to be 
£?(o) = pt and the arrows to be the group elements, Q(v\ = G. The composition 
in the groupoid is the product in the group. If G is a Lie group then Q is a Lie 
groupoid. 

(2) Given an manifold M with an open cover U = {U a } the Cech groupoid asso- 
ciated to U has objects {U a } and morphisms U a p = U a T\Up. The range and 
source maps are given by s{U a p) = U a and r{U a p) = Up. 

(3) Given a manifold M carrying a right action of a group G, there is a groupoid 
called the translation groupoid or action groupoid M X G with objects (M X 
Cr)(o) = M and arrows (M x G)(i) = M x G. The source and range maps are 
given by s(x, g) = xg and r(x, g) = x. Given arrows xgi x and x<?i<?2 xgi 
their composition is m((x,gi), (xg 1 ,g 2 )) = (x,gig 2 ) = xgig 2 x. 

(4) For a connected manifold M, the fundamental groupoid IT(Af) of M is the 
groupoid with objects n(M)( ) = M and arrows x — >• y in II(M)( 1 ) are homo- 
topy classes classes of paths from x to y for any points x, y 6 M. 

(5) An orbifold may be considered as a proper etale groupoid in the sense of [24] . To 
any orbifold one may associate a proper etale groupoid Q called a presentation 
of the orbifold. While a presentation of an orbifold is not unique, the Morita 
equivalence classes of proper etale groupoids are in one-to-one correspondence 
with orbifolds. 
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(6) Given a foliation J 7 of a manifold M, there is an associated etale groupoid 
called the holonomy groupoid, Hol(Af, J 7 ), which is well defined up to Morita 
equivalence. See [19] for a discussion. 

Definition 2.16. Let f2*(M) be the graded algebra of differential forms on a manifold 
M and let d be the de Rham differential. Denote by 5 n the alternating sum of the face 
maps of (2.12). Then we can consider £l*(G 9 ) as a double complex with the de Rham 
differential d : n k {g {n) ) -> n k+1 (g {n) ) and 5* : fc (£ (n) ) -> n k {g {n+1) ), i.e., 

: : : (2.16) 



5 * , r>2/ 



^ (0(0) ) fil @(U ) 01 @(2) ) • • " 

d d cZ 

n (a (0 )) ^ (^(2)) • • • 

The cohomology of the double complex (f2* (£/.), d, 5*) is the de Rham cohomology of 0, 
denoted H* dR (g). 

2.3 Simplicial manifolds 

We will recount the ideas of Dupont in [12] (and [13]) to explicitly construct the 
cohomology of a simplicial manifold. 

2.3.1 Simplicial forms 

Definition 2.17. Given a simplicial manifold M, : A — > Man, a simplicial differential 
k-form on M. is a sequence of fc-forms {ut n \}, where U)r n ) 6 f2 fc (M n x A n ), and which 
satisfy the compatibility condition 



(id x 9j)* w (n.) = (Si x id)*W(„_i) 



(2.17) 
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on n k (M n x A™" 1 ) for < i < n and n > 1. 

• The collection of simplicial differential forms on M. will be denoted 0*(M»). 

• The exterior differential d : Q k (M n x A") -»■ O fc+1 (M n x A n ) induces an exterior 
differential d : O fc (M.) -> fc+1 (M.). 

• The complex (fl*(M.),d) is called the complex of compatible forms. 

• The wedge product A : tt k (M n x A n ) <g> Q l (M n x A n ) -> Q, k+l (M n x A n ) also 
induces a wedge product A : Vt k {M,) ® Q'(M.) -> fc+ '(M.). 

Remark 2.18. Notice that {w( n )} defines a fc-form on M n x A n . In view of this, the 

n>0 

compatibility condition (2.17) is precisely the condition required for to define a 

form on ||M,||. 

The complex (0*(M.),d) can actually be thought of as the total complex of a 
certain double complex (Q r ' s (M»), ddR, g£a) called the bicomplex of compatible forms. To 
define this double complex, let 

Q r > s (M.) = ( ]J ft r (M n ) ® tt s (A n ) J / ~ (2.18) 

\n>0 / 

Here ~ is similar to the compatibility condition (2.17). If € O r (M n ) ® O s (A n ) we 
may write wj^ as a linear combination of forms aj^ ® /SLx where € f2 r (M n ) and 
0f B) € 0-(A»). So ^ = a[ n) ® ~ aj^j ® /3 ( s n _ 1} = W if and only if 

«(n) ® A? G8f„,) = «?(«[„-!)) ® /5(n-i)- (2-19) 
We define the differentials by 

• ddR = d : fi r,s (M,) — > fT +1,s (M.) is the exterior differential on each M n induced 
by d ® id : O r (M„) ® 0*(A n ) -> ft r+1 (M n ) ® O s (A n ). 

• d A = (-l) s d : Q r ' s (M.) -> fi r ' s+1 (M.) is the exterior differential on each A" 
induced by id ® d : ft r (M„) ® ft s (A") -»• O r (M n ) ® O s+1 (A n ). 
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The induced differentials on O r ' s (M.) are well defined due to the compatibility condition 
(2.19). Hence for r + s = k we can alternatively define 

Q k (M.) = fT' s (M.). (2.20) 

r+s=k 

and (Q* (M 9 ) , ddR + g£a) to be the complex of compatible forms. Given an element of 
the complex of of compatible forms uj £ £l k (M 9 ) we will denote the component of cu in 
n r > s (M.) bycu r > s = u;\ n r, s{Mt) . 

The space f2 r ' s (M.) of (r + s)-forms are locally of the form 

w r,s |M n xA™ = y~)u}j 1 ...i r j 1 ...j 3 dxi 1 A • • • A dxi r A di^ A • • • A dt ja (2.21) 

where {xj} are local coordinates of M n and (to, ...,t n ) are barycentric coordinates of 
A n . Again, is the exterior differential with respect to the local coordinates of M n 
and dA is (— l) s times the exterior derivative with respect to the barycentric coordinates 
of A n . 

Definition 2.19. Dupont defines a complex called the simplicial de Rham complex 
{A*(M.),S + d). Define 

A k {M.) = A r ' s (M.) (2.22) 

r+s=k 

where A r ' s (M 9 ) = Q s (M r ) is the collection of differential s-forms on the manifold M r . 
Also, the differential 

5 : A r ' s (M.) -> A r+hs (M.) (2.23) 

is the alternating sum of the pullback of the face maps <5[ +1 = M.(5"), < i < r + 1 
and 

d : A r ' s (M.) -> ^ S+1 (M.) (2.24) 

is the exterior differential d : fi s (M r ) ->■ O s+1 (M r ). Then (A*(M.),5 + d) is the total 
complex of the double complex (A r ' s (M,),d,S). 
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Remark 2.20. If a simplicial manifold Q, is the nerve of a groupoid Q then the simplicial 
de Rham bicomplex (A*(Q m ), d, 5) is the same as the de Rham complex of the groupoid 
G, (0* (</.), £*,<$*), of Definition 2.16. 

Definition 2.21. Given a commutative ring R we can associate the simplicial singular 
cochain complex [C*{M % \ R),5 + d) to a simplicial manifold M,. Define 

C k (M.;R)= C r ' s {M.;R) (2.25) 

r+s=k 

where C r ' s (M 9 ; R) = C s (M r ; R) is the collection of singular cochains of degree s on M r . 
Also, the differential d = d\ + 82 where 

6 : C r ' s (M.; R) -> C r+1,S (M.; R) (2.26) 

is the alternating sum of the pullback of the face maps <5[ +1 = M.(5"), < i < r + 1 
and 

9 : C r ' s (M.; R) -»■ C r ' s+1 (M.; i?) (2.27) 

is the usual coboundary on singular cochains. Then (C*(Af.; R), S + 0) is the total 
complex of the double complex (C r ' s (M,; R), 8, d). 

From [12] Proposition 5.15 

Theorem 2.22. For a simplicial manifold M 9 , we have the isomorphism 

H*(\\M.\\;R) ^ H(C*(M,;R),5 + d) (2.28) 

From [12] Proposition 6.1, 

Theorem 2.23 (Simplicial de Rham theorem). The integration map 

1 : A r ' s {M.) -»• C r ' s (M.) (2.29) 

defined by X{oj r ' s )(c TtS ) = f c u} r ' s for uj r ' s G A r,s (M,) and c T)S G C s (M r ), the collection 
of singular s-chains on M r , gives a morphism of double complexes. Furthermore, this 
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integration map induces an isomorphism 



H(A*(M.), 5 + H(C*(M.), 5 + d) 



(2.30) 



on cohomology. 



Furthermore, there is another morphism of complexes given by Stokes' theorem. 
From [12] Theorem 6.4, 



Theorem 2.24. Let 



1 A : (n r > s (M.),d dR ,d A ) (A r > s (M.),8,d) 



(2.31) 



be the map defined by integration over the standard simplex, i.e. the map defined on 
n s (M r x A r ) by 



1 A ■ uJ( r ) i-» / 
J A 



(r)- 



Then is a morphism that induces an isomorphism 



H(n*(M.),d) ^H((A*(M.),5 + d) 



(2.32) 



(2.33) 



2.3.2 Connections and Curvature 

Definition 2.25. Let G be a Lie group. A simplicial G-bundle 7r. : E 9 — > M, over a 
simplicial manifold M, is a sequence of principal G-bundles {-7r n : E n — > M n } where E, 
is itself a simplicial manifold and the diagrams 



E n+1 {hj) 
> tin 



E„-i(q 3 ) 
-C'n-l > En 



(2.34) 



Tn+1 



M 



Af„+i(6i) 



7r„ 



n+1 



and 



M n _i(CT 3 -) 



commute. Given a simplicial G-bundle 7r. : E m — > M m , the geometric realization |-7r.| : 
\E, \ — > |M. | is a principal G-bundle with G- action induced by 



B„xA"xG->B„x A n , (x,t,g)^ (xg,t). 



(2.35) 



If we only require that the first diagram of (2.34) commute then we may still consider 
the fat realization ||tt. || : ||-E»|| — > \\M 9 \\ which is a principal G-bundle. 
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Definition 2.26. A connection in a simplicial G-bundle 7r. : E, — > M. is a 1-form 
uj £ J7 1 (E',;g) on E, (in the sense of definition 2.17) with coefficients in g, the Lie 
algebra of G, such that uj/ n \ = w|_b„xA" is a connection in the usual sense on the bundle 
7r n x id : E n x A" — > M n x A™. The curvature 9 of a connection uj is the differential 
form 

9 = duj + -[uj,uj] G0 2 (M.;g). (2.36) 
2.4 Cyclic cohomology 

Definition 2.27. The cyclic category A has objects [n], n € N, and morphisms gener- 
ated by face maps 5™ and degeneracy maps a", < i,j < n, as in definitions 2.1 and 
2.2 subject to the relations of (2.1) as well as cyclic operators T n : [n] — > [n] further 
satisfying the relations 



T n _i5j_i if 1 < i < n 

(2.37) 

6 n if i = 



T n+ iOj_i if 1 < « < n 

(2.38) 

T^ +1 a n if i = 



< +i = id [n] (2.39) 

A cyclic object (respectively, cocyclic object) in a category C is a contravariant (respec- 
tively, covariant) functor X, : A — > C (respectively X* : A — > C). For a cyclic object we 
will typically denote X.([n]) = X n , X.(8f) = d%, X.(a™) = s™, and X.(i n ) = r„. For a 
cocyclic object we will typically denote X'([n]) = X n , X'(5f) = d l n , A*(ct") = s«, and 

X'{x n )=T n . 

Example 2.28. Let A be a unital algebra over a field k. One may associate to A 
the cyclic object A\ : A — > k — Mod in the category of fc-modules. On objects we 
define Al([n]) = A = A^ n+1 ^ and on morphisms A(8?) = df, AI(o?) = sf, and 
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X( T n) = T n where 
di(a ® ai ® • • • ® a n ) = < 



ao ® ai ® 
a n ao oi 



aia i+ i 5 
® a n _i 



a„ ifO<i<n — 1 



if i = n 



Si(a ® a\ ® ■ ■ ■ ® a n ) = ao ® a\ ® ■ ■ ■ ® a* ® 1 ® Oi+i ® • • • ® a^ 
r(ao ® ai ® • • • ® a n ) = a n ® ao ® a\ ® • • • ® a n _i 



(2.40) 

(2.41) 
(2.42) 



Dually, one may associate a cocyclic object ^4* : A — > k — Mod to A. On objects 
we define A\ = Rom (A® {n+1 \ k) and on morphisms -4J(6f) = A$(v?) = 4> and 
«4J(t„) = r n where 



d?f{a ,ai, ...,a n )= < 



f(a ,ai, . . . ,OiOi + i, ...,a n ) if < i < n - 1 
/(a n a 0) ai,...,a re _i) if i = n 



(2.43) 

(2.44) 
(2.45) 



s l /(«o,ai, •■•,««) = /(ao,ai, ■ ■ ■ l,a i+ i, . . . ,a n ) 
rf(a ,ai, ...,a n ) = f(a n ,a ,ai, . . . ,a n _i) 

for any / G Horn („4®(™ +1 ), fc). We will denote Horn by C n („4). 

We are now in a position to define the cyclic (co)homology of a (co)cyclic object in 
an abelian category. Let X, be a cyclic object in an abelian category. Let N n : X n — > X n 
be defined by N n = 1 + r n + + • • • + t™. There are operators b n : X n — > X n _i and 
B n : X n -4 X n+ i defined by 



i=0 



B n = (1 - r„)s n iV n 



(2.46) 
(2.47) 



that satisfy the relations b\ = B^ = b n B n + B n b n = 0. The subscripts will typically be 
omitted. Define 

X q _ p if g > p 
otherwise 



C pg (X m ) 



(2.48) 
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where p, q € N. Then b : C pq — > C p ( 9 _ 1 ) and B : C pq — > C( p _!) g . The homology of the 
bicomplex B(X,) = (C pq ,b,B) is the cyclic homology of X, which is denoted HC*{X,). 
[If we instead allow p,q € Z then the homology of the bicomplex B pcr (X,) = (C pq , b, B) 
is the periodic cyclic homology of X, which is denoted HP* (X, ) .] The cyclic cohomology 
of a cocyclic object X' is similarly defined. Now let N n = 1 + r™ + (r n ) 2 + • • • + (r n ) n 
and b n : X n -> X n+1 and B n : X n -> X n ~ l be defined by 



i=0 



B n = (1 - T n )s n N r 



(2.49) 
(2.50) 



(2.51) 



and define 

X<?-P if q > p 
otherwise 

for p, q € N. Then the cohomology of the mixed bicomplex B(X*) = (C pg ,b,B) is 
the cyclic cohomology of X' which is denoted HC*{X'). If we instead allow p,q € Z 
then the cohomology of the bicomplex £? pcr (X*) = (C pg ,b,B) is the periodic cyclic 
cohomology of X*, which is denoted HP*{X'). 

In particular, for a unital algebra „4 over a field fc, the bicomplex B(A) = B{A°) 



is written 



(2.52) 



C 2 {A) — ^ CV) — ^ C°(.A) 
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and the bicomplex B per (A) = B pcT {AV) is written 



-> C 2 {A) — C l {A) — C°{A) 



-> C 2 {A) — ^ C l {A) — ^ C°(A) 

b 



> C 2 (.4) — ^ C 1 ^) — ^ C°(.4) 



(2.53) 



We denote B(A°) as <B(.4.) as we will be dealing with cyclic cohomology. 
In this case we can also write b n and B n explicitly as 



n-l 



b n f(a , ...,a n ) = y^(-l)V(o , . . . , OjOj+i, . . . , a n ) + (-l) n /(a n a , ■ ■ ■ , «n-i) (2.54) 

8=0 

n 

B n f(a , . . . , a„) = ^(-l) m /(l, at) • • • , a„, a , • • • , aj-i) 



i=0 



- (-l) m /(«i, 1, . . . , a n , ao, ■ ■ ■ , a 4 _i) 



(2.55) 



for any / G C n (A). 

There is another related complex that we will make use of denoted by B(A). Let 



C Pq (A)=Rom(A^T iq ~ P \k) 



(2.56) 



where A = A/(k ■ 1). Also denote 'C n (A) = Horn (.4 <8 A , k). Then the operators b 
(2.49) and B (2.50) are still well defined on this bicomplex. The operator B : C n (A) — > 
is given explicitly by 

n 

Bf(a , ...,a n ) = ^(-l) m /(l, Oj, . . . , o„, a , . . . , a*_ x ) (2.57) 



t=0 
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The complex B(A) = (C P9 (A),b, B) is quasi-isomorphic to B{A). We will denote 

Snf(a , . . . , On) = (-l) m /(l, Oi, • • • , On, £t , . . . , Oj-i) (2.58) 

so that I? = 2~^r=o 

For an algebra ^4 that is not necessarily unital we can use the same sort of 
construction to compute the cyclic cohomology of A. Let A = A © k be the unitization 
of A. Then 

^{A) = Horn (A® A® {q - p \ k) = Horn (A^ q ~ p+1) © A®^ q ~ p \k). (2.59) 

This bicomplex is quasi-isomorphic to B(A). 

Furthermore, we will make use of the following description of B(A) due to [16] 
(see also [22]). Let u be a formal variable of degree +2. Then the complex (C'(A) <8> 
k[u], b + uB), where k[u] denotes polynomials in u over k, is quasi-isomorphic to B(A) 
and the complex (C'(A) <S> k[u],b + uB) is quasi-isomorphic to B(A) and all may be 
referred to as the cyclic complex of A. The complex (C'(A) <S>/c[ti -1 , ti], b+uB) is quasi- 
isomorphic to 23 per („4) and the complex (C*(A) ® fe[it _1 , n], 6 + -ui?) is quasi-isomorphic 
to £> pcr („4) and all may be referred to as the periodic cyclic complex of A. 

2.5 Gerbes 

In [20] N. Hitchin describes a gerbe on a manifold. We will first discuss an 
approach similar to Hitchin's. Then we will define a gerbe on a smooth etale groupoid. 
The latter notion agrees with the former in the case of the Cech groupoid. 

2.5.1 Gerbes on Manifolds 

In describing a gerbe on a manifold we will follow [20] and especially [1]. See also 
[6] and [27]. 

Given a smooth manifold M, a descent datum on M is a collection {U a , C a p, Ma/^y} 
denoted by £ where U = {U a } ae i is an open cover of M, {C a p} is a collection of line 
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bundles over U a p, and /x Q/ g 7 : C a p ® £g 7 — > £ Q7 are isomorphisms of line bundles over 
each triple intersection C/ Q/ g 7 that satisfy the associativity condition that the diagram 



£ a /3 ® £#7 (8> C 1& 
Cap ® ^,95 



(2.60) 



commutes over U a ^s- 

An isomorphism of descent datum t/; : {J7 a , jC a /3, Ma^} — ^ {^a> ^afl' A'a/^} on ^ ne 
same open cover is defined by a collection of line bundles K a on U a and a collection of 
line bundle isomorphisms ip a p : K a ~ x (g>£ a p ®Kp — > C' a g on U a p such that the diagram 



1 -1 id(g)/i a fl™ig)id 

K a ~ x ® Cap ®Kp® Kp- 1 <g> Cfo ® K-y > K n ~ 



Cocy ® ./^" 7 



(2.61) 



a/3~f 



Q'7 



commutes on C aj g 7 . 

In order to address the dependence of a descent datum on the open cover U, recall 
that the cover V = {Vgj^gj is a refinement of the cover £Y = {C/ a } Q g/ if there is a map 
: J — > I such that Vp C U^rpy Such a refinement defines a gerbe on V 

{Kn IVctf ' ^4>{a)4>{P)<t>{n) \v al3j }a,l3,j£j- (2.62) 

Also recall by standard theory (e.g. [3]) that any two open covers of M, IA and W have 
a common refinement V and that any open cover of M has a refinement which is a 
good cover. Note this means that the collection of covers on M is a directed set and 
good covers are cofinal in the set of all covers. Therefore we may define an isomorphism 
between descent datum {U a , C a p, ^ a pj} and {U' a , C' a p, ^p } on different open covers 
U = {U a } a ei and W = {U^aer a s an isomorphism 

{V a , Cfta)^) \v aP , ^{a)<t>{p)4>{i) lv Q ^ 7 }a,/3, 7 eJ 

> {Kj, A/>'(a)0'(,fl) W a p , ^(f>'(a)(p'(l3)4>'(y)\v a ^}a,/3,-yeJ (2.63) 
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where V = {V a } a ^j is a common refinement with <p : J — > / and <fi' : J I'. A Dixmier- 
Douady gerbe on M is an equivalence class of descent data on M under isomorphism 
and will be denoted by [£.] where £ is some descent datum in the equivalence class. 

If U is a good cover, then there is a trivialization of every line bundle C a p over U a p. 
A trivialization of C a p may be seen as a non- vanishing global section A Q/ g : U a p — > C a p. 
Upon choosing a global section \ a p of each C a p, we may view the isomorphisms {ti a p~{} 
as a Cech 2-cochain with values in the sheaf Cj^ of multiplicative complex numbers, 
C 2 {U,C X M ), by defining 

HaP^i^afi ® <V 7 ) = (iaPy^ory On C/ Q( g 7 (2.64) 

where /2 Q/ 3 7 : C/ Q( g 7 — > C x is a smooth invertible function. This makes sense as 
^ap^i^ap ® A^ 7 ) is a non-vanishing section of C a ^\u ag and we may obtain any non- 
vanishing section of C a ^ \ u„ through multiplication of A a7 by a non-zero complex num- 
ber at each point of U a ^. Abusing notation, we will write /i Q/ g 7 for fi a py By the com- 
mutativity of (2.60), {/i Q/ g 7 } defines a Cech 2-cocycle fx G Z 2 (U, C^), hence a class [//] € 
H 2 (U, C£f). Since the Cech cohomology is the same for all good coverings of M and the 
Cech cohomology of M is defined to be the direct limit H*(M,C^ /[ ) = limn H*(IA,Cm), 
such a gerbe in fact defines a class [/x] € H 2 (M, C^) called the Dixmier-Douady class 
of £. We may denote this class by c\(C). 

Proposition 2.29. Two descent datum C = {U a , C a p, fJ-a/3-y} and C' = {U a , C' a p, Ma^-y} 
are isomorphic if and only if [C] = [C]. In other words a Dixmier-Douady gerbe has 
a well defined Dixmier-Douady class and a Dixmier-Douady class gives rise to a well 
defined Dixmier-Douady gerbe. 

Proof. It is sufficient to assume that {U a } is a good cover. Let ip : C —> £' be an 
isomorphism given by ip a p : K a ~ l ®C a ii®Kp —> C' a g on U a p. As every U a is contractible, 
we can pick non-vanishing global sections n a for each K a and as before we can pick non- 
vanishing global sections A Q/ g for each C a p. Furthermore, over each U a /3, we may write 
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the isomorphism ipapi^a" 1 ® X a p <8> up) = s a p\' a/3 for some s a p : U a p — > C^. By the 
isomorphism condition (2.61), ■0a 7 (id <8> ^ Q/ 3 7 <8> id) = fJ.' aj3l ° (ip a p ® V73 7 )i so th & t on 

V> a7 o (id (8) jU a/ g 7 <g> id)(K Q _1 ® \a0KpKp~ Xp^Ky) = ip ai (k q ~ 1 (^ a/?7 A a7 ) k 7 ) 

Sq. 7 ^. Q/ 3 7 A a7 

and 

Ma/3 7 ° V'a/? ® lpfi 7 (K a ~ ® A a/ 3 Ky3 Ky3 " 1 A,g 7 K 7 ) = ^^(SapX'^S p^X'p^) 

= s a/3 s /3 7 ^Q/3 7 ^o 7 

are equal. Therefore 

Hap-yHap-y 1 = • s o / 3 s / 9 7 ' s «7~ 1 (2.65) 

showing that the difference between and // is a Cech coboundary. □ 

The short exact sequence 

-> 2vriZ ->■ C M C£ z -> (2.66) 

of sheaves defines a long exact sequence on Cech cohomology. The connecting homo- 
morphism of the long exact sequence provides an isomorphism 

H 2 (M, C*f) = H 3 (M, 2-Kil) ^ H 3 (M, Z) (2.67) 

since C M is a soft sheaf which implies H i (M,C M ) = for i > 0. Explicitly, we can write 
down a Cech 3-cocycle v_ with values in 2-7riZ that represents the Dixmier-Douady class 
of a descent datum C = {U a , C a p, fi a py}- Given a branch Log(/i a/ g 7 ) of the logarithm 
of /x Q/ g 7 over U a py, set 

Va/3-yS = Log (/i,g 7 5) - Log (fiajs) + Log (fj, a ps) ~ Log (jU a/ g 7 ) on U a ^s- (2.68) 
Then i/ defines a 27riZ-valued Cech 3-cocycle € Z 3 (U, 2-7riZ) which represents ci(£). 
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Given a smooth map / : M' — > M between smooth manifolds, the pullback 
of a descent datum C on M is a descent datum f*C on M' . The pullback respects 
isomorphisms so that the pullback of a Dixmier-Douady gerbe is a Dixmier-Douady 
gerbe. 

A unitary descent datum is a descent datum £ = {U a , C a p, HafSj} with a choice of 
metric on each C a p such that \x a ^ is additionally an isometry. A unitary equivalence of 
unitary descent data C = {U a , C a p, /^ a /3 7 } and £ = {U a , £' a p, fj,' a p } sharing the same 
open cover {U a } is an isomorphism of descent data ip a p : K a ~ x (gi£ a p(g)Kp — > £„ where 
the line bundles {K a } are Hermitian and each ip a p is an isometry. Again, a unitary 
Dixmier-Douady gerbe is an equivalence class of unitary gerbes. 

Proposition 2.30. Given a descent datum C = {U a , C a p, ^t«/3 7 }, there exists a collec- 
tion of connections on C denoted V = {V ' a g} satisfying the condition 

VaP-yVcn = V a/3 <g> 1 + 1 ® V/3 7 on Uafr. (2.69) 

Proof. Following [1], for any a, f3 such that U a p / 0, fix a connection V a p on C a p. Then 
for U a p 1 ^ define 

= /4/3 7 V Q7 - V Q ^ ® 1 - 1 ® Vfr. (2.70) 

Using the identification 

End (Cap ® Cfa) = U aM x C (2.71) 

we see that A a p^ is identified with a differential 1-form on the open set U a p 1 . We also 
have for U a p^s 

Aprf + A a/ 3s = A a ^s + A*/3 7 - (2.72) 
Therefore, there exists A' = (A' a p) such that 

A a /3^y = A'p^ — A ai + A a p. (2.73) 

Hence the collection of connections (V a p = + A' a p) is a connection on C. □ 
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Proposition 2.31. Given a connection V on C as above, let 9 a p = be the cur- 
vatures of the connections V a p. Then there exists a collection of 2-forms 9 a £ Q 2 (U a ) 
that satisfy 

e a p = o p -e a (2.74) 

Proof. Following [1], we have a collection 9 a $ of 2-forms that satisfy 

9 a y = da/3 ~ 8(3j (2-75) 

which means that the collection of 9 a p is a Cech cocycle. Since the Cech complex of 
differential forms is acyclic, there exists some collection of forms 9 a on each U a that 
satisfy 

9 a p = 9 p -9 a (2.76) 

□ 

We call (V Qj a, 9 a ) a connection on the descent datum C. 

Proposition 2.32. Let C = {U a , C a /3, be a descent datum with a connection 

({V a ^}, {9 a })- Then there exists a well-defined closed form Q € 3 (Af) called the 
curvature 3-form of the connection that is locally £l\u a = • Furthermore, if is the 
curvature 3-form of another connection then = + drj for T] G (M) / dQ 1 (M) . 

Proof. As in [1], since d9 a p = for any a, (3, 

d Qa\u af) = du)p\ Uafj 

which shows the existence of the closed form f2. Restriction to a refinement clearly does 
not change Q nor does replacing the connection by an equivalent one. □ 

The curvature 3-form of a connection (V a /3, 9 a ) on a descent datum C is a repre- 
sentative in de Rham cohomology of c\{C). 
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2.5.2 Gerbes on Groupoids 

Definition 2.33. Given an etale groupoid G, a gerbe (L, ji) over Q is a line bundle over 
£7(1), L —?■ Q, together with an isomorphism 



H : {w 2 m )*L ® {w( 2 )*L ^ {-w'wYL 



2 \* ; 



2 \* 



of line bundles on Q(2)- This isomorphism may be written as At( 5ll52 ) 



(2.77) 



: L 



91 



L 



<:I2 



L\ gig2 on the fiber over (51,52) G £7(2)- Here L g denotes the fiber over g. In addition, 
must satisfy the associativity condition that the diagram 



id®(ro^ 23 )*(At) 

(wl^fL ® (w 3 123 )*L 



( ro 012)*(M)® id 



"* (^012)*^ ® (^2 3 )* L 



(rog 23 )*( M ) 



(2.78) 



-> ( ro 0123)* L 



commutes. On fibers this condition means that the diagram 



L\ gi (g> L\g 2 (g> L\g 3 



id ®M(92.93) 



^Csi,S2)® ld 



^(9192.33) 



(2.79) 



pi <2> 1 5233 



^(91 .9293) 



319293 



commutes. 



Let V be a connection oe I -> 5, i-e. a linear operator V : C£°(Q, L) — )• f&c(£7, ^) 
where C^°(Q,L) denotes compactly supported sections of L Q and Vl\{Q,L) denotes 
compactly supported L-valued 1-forms on Q. Then for a local section su '■ U L, 
U C £7(i), we may write the operator V as Vsu = (d + uj)sjj for some to G 1 (C/, L). We 
call oj the connection form of V. A connection V on L — > £7 determines a connection 
on (toq 1 )*L (g) {w\ 2 )*L given by (toq 1 )*V ® 1 + 1 ® (-n7^ 2 )*V as well as a connection 
(^)*(otq 2 )*V on (fi)*(wQ 2 )*L. Their discrepancy is given by a 1-form 



(uT^rv ® 1 + 1 ® (^? 2 )*V - (m)*(wo 2 )*V = a G ^(0(2)! 



(2.80) 
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Suppose additionally that there is a two form 9 £ ^ 2 (C/(i)) satisfying 

(w 2 1 )*9 - (wl 2 ye + {w 2 l2 ye = da, (2.81) 

in other words, satisfying 5*9 = da. Then (—a, 9) € Q, 1 (G(2)) © ^ 2 {Q{\)) determines a 
class in H^ R (G), which we call the Dixmier-Douady class of V on L — > Q. Although the 
Dixmier-Douady class depends on V throughout, it is expected this dependence can be 
removed. We call (V, 9) a connection on L and a the discrepancy of V. 

This notion of gerbe and Dixmier-Douady class agrees with the notion of a gerbe 
on a manifold when Q is the Cech groupoid. 



Chapter 3 
Twisted cohomology 



In this chapter we will develop the notion of a twisted simplicial complex for the 
simplicial manifold (M x T), determined by the translation groupoid arising from the 
action of a discrete group on a manifold. 

3.1 Gerbes on the (discrete) translation groupoid 

First we will make a few remarks about the discrete translation groupoid. Let T 
be a discrete group and let M be a manifold carrying a (right) action of V, M xT —> M, 
denoted (x,g) i— >■ xg. The nerve of M x T is a simplicial manifold (M x T). which we 
will often denote merely by M 9 . On objects, M. is given by M (fc) = M x T fc and on 
morphisms M m is given by 



{xg 1 ,g 2 ,...,9k) if z = 

(x,g 1 ,...,g i g i+1 ,...,g k ) for 1 < i < k - 1 
(x,5i, . . . ifi = fc 

V 

<7j(x,9i, ■■■,9k) = (x,9u ■ ■ ■ ,9j, lr,5j+i, ■ ■ ■ ,5fc) (3.2) 

in the notation of (2.12). In particular, <$oO c ifl r i) = xg\ and 5j(a;,gi) = x. 

Let L — > M x r be a gerbe with an isomorphism [i as in (2.77). As (M x r)^) = 
M x r and T is a discrete group, we may view L as a collection of line bundles L 9 on 
M s = M x {g} for each j GT. The isomorphism /i may be restricted in the same way 
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to a collection of isomorphisms 

® (L g2 ) 9 ^ L gig2 (3.3) 

where gi,<?2 6T and (L g2 ) 91 denotes the line bundle L g2 shifted by the action of g\. In 
other words (L g2 ) 91 has sections s 91 where s 91 (x) = s(xg\) denotes the (left) action of 
r for s : M g2 — > L\ g2 a section of L\ g2 . 

Now let V be a connection on L and let V 9 = V|m 9 be a connection on L g for 
each g G T. In this case the condition (2.80) may be written 

V 9 ® 1 + 1 ® (V h ) 9 - fi* gug2 (V gh ) = a(g, h) (3.4) 

for all g,h G T and for some a(g,h) G Q}(M). Hence a G 1 ((M x T) (2) ) = O x (M x 

r x r). 

Define 6 g G 2 (M) by [6> g ,s] = (V 9 ) 2 s for a section s : M g L g . Then we have 
a collection = (0 g ) ge r G il 2 (M xT) = fi 2 ((M x r)m) and the following relation. 

Proposition 3.1. The 2-forms 6 g satisfy condition (2.81), which may be written 

g + 9 9 h -9 gh = da(g,h) (3.5) 

Proof. This follows from the condition 3.4. The curvature of the sum of connections 
V ff <8> 1 + 1 <8> (Vh) 9 is 9 g + 6 9 h and the curvature of the connection plus scalar form 
V* gi , g2 (Vgh) + at(g,h) is 9 gh + da(g, h). □ 

In view of the previous proposition, a connection V on L — >■ M x T induces a 
connection (V, 6) with discrepancy a G f2 2 ((M x T)n)) on the gerbe (L, /i) over M x T. 
We will nonetheless often denote such a connection on (L,fx) by V. As defined above, 
(—a, 0) represents the Dixmier-Douady class of V on (L, fi) over M x T. 

3.2 Twisted bundles 

Definition 3.2. Given a gerbe (L, //) on M x T, an L-twisted vector bundle £ is a vector 
bundle on M together with a collection of vector bundle isomorphisms ip g : £ — > £ 9 ®L g 
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for each g € T such that the diagram 



£ 9h <g> {L h y <g> L g — > ® L gh 



((^) 9 )" 1 ®id 



^ (3.6) 



£ 9 ® L s ► 5 

¥>9 



commutes. Here £ 3 denotes the induced action of g S V on the vector bundle £ — >• M. 

Remark 3.3. Note that </? g induces an isomorphism : End£ ^> End£ 9 as well. More 
precisely, ip g : £ ^ £ 9 ® L g induces an isomorphism 

<p g : End£ ^ End (£ 9 ® L g ) 2* End (£ 9 ) ® End (L g ). 

As End (L g ) ^ C we see End£ = End£ 9 via y> g . 

Let V f : C°°(M,£) — >Q 1 (M, £) be a connection on £ and (L,fj,) a gerbe on 
M x r with connection (V, 0) and discrepancy a. Then there is a connection on £ 9 ®L g 
given by (V £ ) 3 ® 1 + 1 ® V 9 for every 5 £ I\ By (V^) 9 we mean the connection 
(SJ £ ) 9 s 9 = (V £ s) g where s 9 is a section of £ 9 . This defines a connection on £ 9 which 
we denote V^ 9 = (\7 £ ) 9 . The discrepancy between and V^" 9 ® 1 + 1 ® V g is an 
End <f -valued 1-form which we denote by 

V £ -<p* g (V sa ®1 + 1®V S ) = -i4(p) en\M,End£) (3.7) 

for each <? £ T. We will call A £ Q}(M x T, End 5) the discrepancy of V . Notice that 
we then have the identity 

(V £ + A{g)f = ^((V £9 ) ® 1 + 1 ® V,) 2 
(V^) 2 + A(gf + [V s , A(g)] = </>*((V £9 ) 2 ) + 9 g 

9 £ + A(gf + [V £ , A(g)] = ^ g (9 £ ) 9 + 9 g (3.8) 

on n 2 (M,End£) where we define 9 £ = (V £ ) 2 . 
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Example 3.4 (Direct Sum Bundle). Any gerbe (L,fj.) on M x T determines an L- 
twisted vector bundle called the direct sum bundle of (L,fi). The direct sum bundle is 
the most relevant example of a twisted vector bundle for our purposes. Given a gerbe 
(L, /it), define the infinite dimensional vector bundle tt : £ — » M where £ = (B 9 er ^g- ^ n 
addition, define isomorphisms <p g : £ — > £ 9 ® L g for each g G T by 

<Pg-®L g > n^ gl (L g ,) = 0(V) S ® L g (3.9) 

e'er 9 'er 9 'er 

where the factor L' g is mapped to \x~ l g ,(L g i). With these isomorphisms, £ is an L-twisted 

vector bundle on M. In addition, a connection V on L — >■ M x T induces the direct 

sum connection V £ = (Bggr ^9 on £ — ?■ M. We will again denote the discrepancy of 

V £ by A. The following lemma is a useful identity relating the discrepancy of V with 

the discrepancy of V s . 

Lemma 3.5. Let £ be the direct sum bundle of (L, fi), a gerbe on M x T with connection 
(V,0), and for each g G r, let ip g : £ — > £ 9 ® ^ &e an isomorphism. Then for any 
g, h G r w;e /iave i/ie identity 

A(g) + (<p g y(A(hy)-A(gh) = -a(g,h)en\M, End £), (3.10) 

where a is the discrepancy of V and ^4 is £/ie discrepancy of V £ . 

Proof. This follows from the commutativity of (3.6). From the right arrow, we have the 
condition 

V f - v^(V f9h ® 1 + 1 ® V gh ) = -A(gh) (3.11) 
and from the top arrow we have the condition 

{V £9h ® 1 + 1 ® V gh ) - (1 ® / u^ 1 )*(V £! " 1 ® 1 ® 1 + 1 ® (V h )f ® 1 + 1 ® 1 ® V ff ) 

= -(1 ® ® «(<?, /*)) = -1 ® «(<7, h). (3.12) 
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From the composition of these two arrows we have the condition 

V £ - tp* gh (l ® Vgh)*{V £9h ® 1 ® 1 + 1 ® {V h ) 9 ® 1 + 1 ® 1 ® V g ) 

= -i4^) + ^ ft (l®o(^,/»)). (3.13) 

Next, the bottom arrow implies the condition 

V £ - ^*(V £9 ® 1 + 1 ® V g ) = (3.14) 
and the left arrow implies the condition 

{V £9 ® 1 + 1 ® Vg) " ((^) 9 )*(V £9 ' 1 ® 1 ® 1 + 1 ® (Vfc) 9 ® 1 + 1 ® 1 ® Vg) 

= -(A(fc))« (3.15) 

which compose to give the condition 

- ^g((^) 9 ® 1)*^" ® 1 ® 1 + 1 ® (V h ) 9 + 1 ® lVg) 

= -A(g)-(<p g )*(A(hn (3.16) 
Since the diagram (3.6) commutes, we can equate (3.13) and (3.16) to produce 

-A(gh) + <p* gh (l®a(g,h)) = -A(g) - ^ g )*{A{hf) (3.17) 

which is the above identity. □ 

Corollary 3.6. With the hypothesis of the previous lemma, as well as 1 < i < j, we 
have 

a (51, 52 ■■■9i)- a(gi,g 2 • - 9j) + a{g x ■ --gugi+i ■ • • gj) 

= <P* gi a(g2 ■ --91,91+1 ■ --gj) 91 (3.18) 

where a is the discrepancy of V . 
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Proof. This follows from the calculation 

a(0i,02 ■■■9i)- a(gi,g 2 ■ ■ ■ gj) + a{g\ ■ ■■g^g^x ■ ■ ■ gj) = 

= A{ gi ) + <p* gi (A(g 2 ■ ■ ■ g^) - A( 9l ■ ■ ■ 9i ) 
-A(gx)-v* gi (A(92---9 j ) 91 )+A(g 1 ---g j ) 
+ A( 91 ■■■g i ) + ip* gv .. g .(A(g i+1 ■ ■ ■ <7j)) si "' ffi - A( 9l ■ ■ ■ gj ) 

= <p gi (A(g 2 ■ - <p gi (A(g 2 ■ •.<&)") + cp* gi ... gi (A(g i+1 ■ ■■g j )) 9 ^ 

= cp* gi (A(g 2 ■■■ 9l ) - A(g 2 • • • 9j ) + <p* ga ... gi (A{jg i+1 ■ ■ ■ 9j ))"^ 

= <P* gi o<-(92 ■ --91,91+1 ■ ■■gj) 91 
where we have used the previous lemma. □ 

The bundle End £ — > M is vector bundle of finite rank endomorphisms when £ is 
the direct sum bundle. Note that any section of C°°(M, End £) may be decomposed as 
follows. Since £ = © 9G r L g , End£ consists of morphisms 4> : © 9g r ^g ~* ©ger L g - Let 
E g ,h{4>) G Horn (L g , L^) denote the restriction of (j) to the component E g ^{4>) : L g — > L^, 
so that 4> = (& g her E g ,h(4>)- So given a section / 6 C°°(M, End £) we may decompose 
/ in the same way, with E g< h(f) a section on M with values in morphisms L g — > L^. In 
other words, E B)h (f) G C°°(M, Horn (L g , L h )). 

Given such a decomposition we can describe the action of g G V on sections 
C°°(M, End£) as follows. Let / G C°°(M, Horn (L gi , L g2 )), i.e. / = E gug2 (f). For 
any § € T, the section f 9 is a section of Horn {L 9 gi: L g2 ) and id <8> f 9 is a section of 
Horn (L s (g> (L gi ) g , L g <S> (L g2 ) 9 ). We may denote the corresponding section by f 9 as well. 
As there are isomorphisms /J, g , gi ■ L g ® (L gi ) 9 — > L ggi and [i gm ■ L g ® (L g2 ) 9 — > L gg2 , 
under these isomorphisms f 9 corresponds to a section in C°° (M, Horn (L ggi , L gg2 ) ) which 
is denoted by E ggi , gg2 (f 9 )- Ln other words 

Egguggiif 9 ) = V g ,m ° id ® / 9 ° Mji 
Hence the (left) action of 5 G T on E gii92 (f) is 5 • E gug2 (f) = E ggugg2 (f 9 ). 
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For a section a £ C°°(M g , L g ), we may consider a as the section Ei tg (a) : L\ — > L g 
of C°°(M, End f^) since a : M g — > L g defines a section a : M x C — > L g by a(x, A) = a(x) 
for all A £ C and Li = M x C. We have L x = M x C as /i^i : L x ® L x A L x . We will 
not make a distinction in notation between a section a : M — > L 9 and the corresponding 
section of C°°(M, Horn (L l5 L fl )). 

Let /i,/2 € C°°(M, End£) be sections of End£. The sections E gi ^ g2 (fi) and 
-^32,33 (^2) m &y be composed to produce a section £' S2iS3 (/ 2 ) o E gim (f{). We will denote 
this operation of composition by 

E 9l , 92 (fi)E g2 , g3 (f 2 ) = E gim {hh) 6 C°°(M,Hom(L 9l ,L 9 3)) (3.19) 

Thus we may obtain a matrix product on C°°(M, End £). Let /1/2 £ C°°(M, End £) be 
defined by 

E Kk (hh) = E E h, 9 {h) E 9,kih) (3-20) 
for MgTso that /i/ 2 = 0/> ifcer E hyk (fif 2 ). 

Lemma 3.7. Given sections a g 6 C°°(M, L g ) and ah £ C°°(M, L^) 

E 1)g (a g )E gjh (a 9 h ) = E ljgh (n 9th {a g ® a 9 h )) 

where we consider a g € C°°(M, Horn (Li, L 5 )), £ C°°(M, Horn (Li, L^)), as well as 
Vg,h( a g® a9 h) eC°°(M,Hom(L 1 , L gh )). 

Proof. The left hand side is defined by 

Li — >■ L g > L g <g> L\ > L g <g> L\ > L gh 

while the right hand side is defined by 

L 1 > L g (g> L\ > L gh 

which are corresponding sections of Horn (Li,L g h) under the isomorphism /i. □ 
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For / G C°°(M, End£) there is a trace map tr : C°°(M, Endf ) -)■ C°°(M) defined 



by 



tr(/) = ^^(/) (3.21) 

which is an element of C°°(M) as E g ^ g {f) G End(L 9 ) for all g G T. In fact, for 
0*(M,End£) = S7*(M) C°°(M, End £), this trace map induces a trace 

tr : Q*(M,EndS) Q*(M) (3.22) 

as for u ® f G 0*(M) ® C°°(M, Endf) we may define tr(w ® /) = wtr(/). 

Lemma 3.8. Forux,u 2 G fi*(M,End£) 

tr(wiW2) = (-l)l Wl H W2 ltr(a; 2 wi), (3.23) 

and furthermore, 

tr([w 1 ,w 2 ]) = 0, (3.24) 
where [u;i,w 2 ] i/ie graded commutator of Ui and u>2- 

Proof. We will first mention that tr(/i/ 2 ) = tr(/ 2 /i) for any /i,/ 2 G C°°(M, End 5). 
This follows as usual 

tr(/i/ 2 )=^£ g , g (/i/ 2 ) 

= E(E^(/i)^m(/2)) 

ger Wr ) 
her Wr 



— E ^h,h{hf- 
= tr(/ 2 /0 
by changing the summation order. 
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Let uji = ai®/i, u 2 = a 2 ® f 2 where «i,a 2 G Q*(M) and /i,/ 2 G C°°(M, End 5). 
Then |ai| = |wi| and |«2 1 = \uj 2 \ and 

tr(wiw 2 ) = tr((ai A a 2 ) ® (/i/ 2 )) 
= (ai A a 2 )tr((/i/ 2 )) 
= (-l)l«ll a »l( a3 Aai)tr((/ 2 / 1 )) 
= (-l) |a;i||w2| tr( W2Wl ) 

From this it follows that 

tr([uji,u) 2 ]) = tr(wiW2 - (-l) |wi||a;2| ^i) = tr( Wl a; 2 ) - (-l^ll^'tr^wi) = 0. 

□ 

3.3 Twisted simplicial cohomology 

3.3.1 Nonorientable cohomology 

If M is a non-orientable manifold we must additionally discuss twisting by the 
orientation bundle of M. Given an atlas {{U a , 4>a)} of M with transition functions 
{^a/?} the orientation bundle of M is the real line bundle r on M given by transition 
functions sgn J(</> a s), where J {(pap) is the Jacobian determinant of the matrix of partial 
derivatives of 4> a p and sgn is the sign function 

+ 1 for x positive 

sgn(x) = <( for2; = ( 3 - 25 ) 
— 1 for x negative. 

Explicitly, r may be constructed from |_| U a x M 1 / ~, where ~ is the equivalence 
relation 

(x, v) ~ 0, sgn J (<j) a p(x))v), (3.26) 
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for (x,v) 6 PttXR 1 and (x,sgD.J((j) a p(x))v) € Up xlR 1 . The coordinate charts <p a define 
local trivializations <p' a : T\y a — > U a X R 1 . 

The r-twisted de Rham complex, fi*(M) = 0*(M, r) is the algebra of r-valued 
differential forms and is independent of the choice of atlas. Also, while the exterior 
derivative gL depends on the choice of atlas, any another choice of atlas produces an 
isomorphic algebra, so we will denote the exterior derivative by d. The elements of 
f2*(M) are called densities. The cohomology of the complex (Q*(M),d) is called the r- 
twisted de Rham cohomology H*{M). The r-twisted de Rham cohomology with compact 
support, H* C (M) is defined similarly. For more details see [3] Chapter 1.7. 

3.3.2 Twisted cohomology 

For a smooth manifold M of dimension m = dimM, let O € 3 (M) be a closed 
3-form. Let u be a formal variable of degree +2. Define 

n k {M) = n™~ k (M). (3.27) 

The de Rham differential d dR ■ Ofe(M) — > is of degree —1 and exterior multi- 

plication by 0, A • : VL k {M) ->■ O fc „ 3 (M) is of degree -3. Let £l k (M)[u] denote 
polynomials in u over differential forms in f^(M) such that the form degree £ plus the 
degree of powers of u sum to k. In other words elements uj € Vt k (M)[u\ are of the form 



uj k + uuj k -2 + • • • + u k / 2 ujQ if k is even 

(3.28) 

uj k + uuj k -2 + • • • + vS k ~ l " 2 u)\ if k is odd 



where Uj € Oj(M), i.e. Uj is an (m — j)-form on M for < j < k. We can rescale the 
de Rham differential by u to obtain a degree +1 differential 

ud dR : n k (M)[u] -> O fc+ i(M)[n] (3.29) 

Lemma 3.9. Gwen a £ n k (M)[u] and (3 £ Q e (M)[u] 

(ud dR )(a A 13) = (ud dR a) A + (-l) fc a A (ud dR f3) (3.30) 
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Proof. This follows by using the decomposition of /3 (3.28) and a similar decomposition 
for a as well as using the usual identity d(oo A rj) = du A rj + ( — 1)^oj A di] for forms 
U3 G fi*(M) and 77 € Q*(M), taking note of the fact that the signs of the second term 
all agree as u is even degree. □ 

The differential 

de = ud dR + u 2 A • : n k (M)[u] -> fl fc+1 (M)[u] (3.31) 

is of degree +1 due to the grading on f2fc(M)[u]. The Q-twisted de Rham complex of M 
(fi*(M)[it], c?e) is the complex of polynomials in u over differential forms on M with the 
differential d®. If 0' = @ + dr] is cohomologous to then the complexes (£l*(M)[u],d@) 
and (Q*(M)[u], de') are isomorphic via the isomorphism 

!„:£!->• e- Mr? A £ (3.32) 

The cohomology of (fi*(M)[it],<ie) is called the 0-twisted cohomology of M, 
H* e (M). 

3.3.3 Twisted simplicial complex 

Now we will similarly develop the twisted simplicial cohomology of the simplicial 
manifold M, in which the twisting of the complex of compatible forms is given by a 
closed simplicial 3- form € f2 3 (M.). This definition involves a modification of the 
bicomplex of compatible forms (2.18). 

First we adjust the grading of il, r ' s (M,) to define a bicomplex r^ s (M.). Let 

0^(M.)M = j ]J n r (M n )[u] ® O s (A") j / ~ (3.33) 

\n>0 / 

where £l r (M n ) is as in (3.27). Here the equivalence relation ~ is defined in precisely 
the same way as the compatibility condition in (2.19). For a r ^ G f2 r (M n )[u] and 
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Pfn) ^ ^ s (A n ), we have a r ,s <g> /3? v ~ a (n-i) ® ^(n-i) ^ anc ^ on ^ ^ corres P on ding 
statement to (2.19) holds. 

Furthermore, there is a degree +1 differential ud~dR '■ Q r l s (M m )[u] — > Cl r J*~ ' s (M 9 )[u] 
induced by the exterior derivative on each M n , 

(-iy +s ud®id ■. n r (M n )[u]®n s (A n ) -> n P+ i(M n )[u] ®n s (A n ) (3.34) 

and there is a degree +1 differential g?a induced by the exterior derivative on each A n , 
i.e. 

d A = id ® d : O r (M n )[u] ® ft s (A n ) J2 r (M n )[«] ® O s+1 (A n ). (3.35) 
As in (2.20), we define 

0^(M.)M= n r l'(M.)[v]. (3.36) 

Denote 5^ s (M (n) ) = ^ s (M.)M| Mn xA« and ft fc (M (n) ) = O fc (M.)| A f„xA«. 

Proposition 3.10. T/ie complex (Q*L(M,)[u],ud + d&) is quasi-isomorphic to the com- 
plex (n*(M.),di + d 2 ). 

Definition 3.11. Given a simplicial differential 3- form G f2 3 (M.) as in Definition 
2.17 we may decompose 6 with respect to the sum (2.20) as 6 = © 3 '°-|-0 2 ' 1 + 1 ' 2 + 9 ' 3 
where G- 7 ' 3- - 7 G fi 3 ' ,3-J '(M.) for < j < 3. If, further, 6 ' 3 = then define a rescaling of 

e 

Q u = u 2 Q 3fi + uQ 2 ' 1 + G 1 ' 2 G n*(M.)[u\. (3.37) 
Hence, exterior multiplication by Q u is an operator of degree +1 on 

G M A • : ni(M.)[u] -> f]^ +1 (M.)[n]. (3.38) 

With these operators we define the Q-twisted complex of compatible forms to be (Q* (M m ) [u] , uddR+ 
dA ~ Q« A •)• 

Proposition 3.12. Let G,Q' G il 3 (M.) 6e compatible forms such that the components 
in 0°' 3 (M.) satisfy (Q)°> 3 = (G') ' 3 = 0. // Q - & = dq for some rj G ft 2 (M.) that 
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satisfies i] ' 2 = then (fi* (M,)[u], ud + d A + G u A •) and (O* (M.)[u],itd + d A + 6„ A-) 
are isomorphic via the isomorphism 

I v : £ ^ e 77 " A £ (3.39) 

where rj u = un 2,0 + 77 > . 

Now let us consider the special case of M. = (M x T). in the following lemmas. 

Lemma 3.13. For u\ £ (M.)[n] and a; 2 £ f2 (M.)[tt] i/ie induced wedge product 
satisfies 

(-l)^(ud dR + d A )(wi A u 2 ) = ((uddR + d,A)ui) Aw 2 + wiA {{ud dR + d A )a; 2 ) 

Proof. As the variable u is of even degree and will not alter any signs, let d = d d R + d A 
and let d = d dR + d A . Suppose u)i E ST}' Sl (M.)[u] and uj 2 E tt r2 ' S2 (M.)[u] so that 

d(Wl A 0J 2 ) = [-1)^^1^2+31+82^ A ^ 

= (-l) dimM -^+''2+ s i+ s 2( ( i Wl A W2 + (_ 1 )dimAf-ri+«i a;i A d ^ 2 ) 
= (_ 1 )dimJ^-n4ni+*i+« ^_^6im 

+ (-l) dimM - ri+Sl o;i Adw 2 ) 
= (-l)- r2+S2 dw! A uj 2 + (-l)- r2+S2 cJi A dw 2 

Since |u; 2 | = ^2 + s 2 which is s 2 — r 2 modulo 2, 

A oj 2 ) = (-l) |w2| dwi A uj 2 + (-l) |w2| wi A dw 2 

from which the lemma follows. □ 

Lemma 3.14. For ai n \ ® /3( n ) € ilo(M n )[n] (g> Q n ~ 1 (A n ) we have the following 

/ / (ud dR + d A )(a {n ) ® /?(„)) = (-l) n_1 / "(n) / An)- 
iA" Vm Jd(A n ) 

Also, if /3t n \ is not of degree n — 1 or ar n \ is not of degree in £l*_(M 9 )[u] then the 

integral over M x A™ is zero. 
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Proof. Since ai n \ is in Q,q(M u ), ut n \ = («( n ))o as ai n \ must be an m-form on M n . For 
any g 1 ,...,g n £T denote (ffl, ■ ■ ■ ,9n)- Then 



(ud dR + ®P( n )) = / / (ud dR a) <g> /3 (n) + / / a ® (cJa/W)) 

M JA n JM iA" JM J A™ 

d>A/3(n) 



a 

M J A 



a 

M J A 



a / /?(n) 
M Jd(A n ) 

by Stokes' theorem. □ 

Combining the previous two lemmas we have 
Lemma 3.15. For any u)\ G OL(M.) and uj 2 G f2*(M.) 

[ [ ^AduddR + dAM + i-lt 21 [ 
JM J A n JM 



M JA n 



1 M Jd(A n ) 



where 0J2 is of fixed degree. 
Proof. We have 

{{ud dR + d A )uJi) Aw 2 



M J A n 

/ wi A ((uddR + d A )u2) + (-l) |aJ21 / / (ud dR + d A )(wi A w 2 ) 

A/ JA™ JM JA™ 

wi A((m^ + d A )w2) + (-l) M / / wiAw 2 

M J A" JM Jd(A n ) 

where the first inequality follows from Lemma 3.13 and the second from Lemma 3.14. □ 



Chapter 4 
Simplicial Dixmier-Douady Form 



In this chapter we will construct a 3- form £ 3 (M,) that is a representative of 
the Dixmier-Douady class for M. = (M x T).. 

4.1 Derivations V fc 

Let (L, jj) be a gerbe on M x T with connection V on L — >■ M X I\ Our goal now 
will be to construct a representative of the Dixmier-Douady class of the gerbe (L,fi) 
with connection V in the complex of compatible forms on M m . We will again denote 
the discrepancy of V by a. For the entirety of the chapter, define the vector bundle 
7T : £ — > M where £ = (B 9 gr ^9 as ^ n Example 3.4. 

Now let p k : M( fc ) = M x F k -> M be defined by p k : (x, g±, . . . , g k ) H> x £ M. 
The pullback bundle = p££ is a vector bundle over Mn.\ . There is also a connection 
on £ k defined by V * = p k V £ . We will denote the connection V £fc \Mx{g x }x-x{g k } by 
V £fe (</i, . . . , g k ). Note with this definition that V * (g\, . . . , g k ) = V £ for all g±, . . . ,g k . 

Remark 4.1. In general the collection {ir k : £ k — >• M^)} cannot be made into simplicial 
vector bundle using the maps (3.1) and (3.2). In order for the diagram (2.34) of face 
maps to commute, we must have that 5*£ k _i = £ k for < i < k which does not hold in 
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general. Specifically, consider SqE^-i- For any g±, - ■ ■ ,g k £T and m £ M, 

5o£ k -i(x,gi, ...,g k ) = Soipl^E ){x,gi, ...,£%) 
= (p* k _ 1 £)(xg 1 ,g 2 , ...,gk) 

where the last isomorphism is given by l -P g - 1 - 

On the other hand, the vector bundles Endf^ — > Mq.\ do form a simplicial vector 
bundle, hence we will denote End£fc by Endif^). 

Proposition 4.2. The vector bundles tt^) '■ End£(&) —¥ Mr k \ form a simplicial vector 
bundle 7r, : End£, — > M,. 

Proof. This follows as End {£®L g ) = End£. So <5*End£fc_i — End£/c and the diagram 
(2.34) of face maps commutes for < i < k. □ 

Definition 4.3. Denote M$\ = M (fc) x A k and ££ = £ k x A fc . Consider the bundle 
vr fc xid:££-> Mfcy Then define a connection V fc : C oc (M^,£ k ) -> Q 1 (M^ ) ,£ k ^) by 

((V fc (s>i, . . . , g k ))s){x 1 ,. . . , x m , h, . . . , t k ) 

= ((V ffc (5i, ■■■,9k) + hA(gi) + ■■■ + t k A( gi ■ ■ ■ g k ))s)(x 1 , . . . , x m , h, . . . , t k ) (4.1) 

where s G C°°(M^,£ k ), xi, . . . ,x m are coordinates on M (with m = dimM), and 
t\, . . . ,t k are Cartesian coordinates on A fc . 

Here we use V £k to denote the derivation on £ k — > Mq\ that is the derivation 
V £fc on ffc — > M(fc) at every point of A k . In other words, if p k : -M^K — > is the 

projection (x,t) i— )• x then we denote p k V^ k merely by V £fe . Note that, while V fc is a 
connection on £ k — > Mfcy V fe is not a simplicial connection as £ k — > Mq.^ does not 
form a simplicial bundle. 
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We may use the formal variable u to rescale the connection V fc by considering 
(V ) 1,0 the component of the operator V fe 

(vfc) i,o . C oo (M A jf A) ^ n i( M(fc) ,£ fe ) <g> C°°(A fc , A k ) 
and (V^) ' 1 = c^a the component that maps 

(vfc) o,i . c°°(Mfa ,££) C°°(M (fc) ,4) 5$ O x (A fc , A fe ). 

Let V£ = (V^ + u-^a- 

We may extend V fc to an operator 

V fc : ^(M*,£ fc A ) ^(M*,^) (4.2) 

in the usual way. Given a section s E C°°(M^,£^) and a form cj € C°°(M^) we 
define 

V fe (w s) = duj ® s + {-Vfu A V fe s. (4.3) 

Remark 4.4. The operator V fc may be defined to act on the algebra of End £ -valued 
forms 0*(M, End£) and in particular on sections C°°(M, End 5) as follows. Given a 
section rj € fi*(M, End 5), define 

V k V = [V k ,ptp* kV ] (4.4) 

where p fc : M (fc) M is the projection (x,gi,... ,g k ) ^ x, p k : M (fc ) x A k -> M( fe ) is 
the natural projection (x, t) i— > a; and we consider V fc to be degree +1 with respect to 
the graded commutator. In other words, V k r/ operates on sections s € C°°{M^y£ k ) 
by 

(V\) S = [V fc ,pM* = V fc ((pMr?) S ) - (-l)H +1 fe^)(V fe S ). (4.5) 
With this extension the rescaling = (V fc ) 1,0 + u~ 1 d / \ still makes sense. 
Lemma 4.5. For any rj £ S7*(M, End£), 

(ud di? + d A )tr(r?) = utr(V*fa)) (4.6) 
where by ti(r]) we mean ti {p* k p* k rj) . 
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Proof. We will omit the pullback maps p* k p* k as they should be clear from the context. 
As V k u = (V 70 ) 1 ' + u _1 dA and (V fc ) 1 ' = d dR + u locally for some u € J2 1 (Af,Endf ). 
For a local section s G C°°(M&yS£) 

((V k ) 1 >° V )(s) = [(V k ) 1 >°,r l ]s 
= [ddR + w,r?]s 

= d dR (r]s) - (-l)™T}ddRS + [uJ,rj]s 
= (d dR r]+ [u,T]])s 

So by Lemma 3.8 

tr((V k ) 1 >°r,) = ti:((d dR r,+ [u>,r,))) 
= tr(d dR r]) +tr([w,r/]) 

= te(d dR v) 
= d dR tT(r)). 

Hence 

ntr(((V fe ) 1 ' + n" 1 ^)??) = «tr((V*) 1,0 T/) + tr(d A r?) = ud di? tr(?7) + d A tr{r/), 
as required. □ 

4.2 Simplicial 2-form 

The collection of End -valued 2-forms on Mn.-\ x A k given by (V fc ) 2 for each 
k > does not define a simplicial differential form on M 9 . In the theorem below we 
adjust (V fc ) 2 by a scalar-valued form to obtain a simplicial differential 2-form on M,. 

Theorem 4.6. Lei (L, /Li) be a gerbe on M y\T and let V be a connection onL^MxT. 
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For each k > 0, let £ il 2 (M^, End<?^) be defined by the formula 

$(k)(9i,---,9k) = (V fc (ft,...,ft)) 2 

- ^MOgx-gt + <x(9i-- m 9i,9i+i---9j){Udtj-tjdti). (4.7) 

i=l l<i<j<fc 

T/ien i? = {$(&)} is a compatible 2-form on M 9 with values in End£. , which means that 
■!? € fi 2 (M, , End £, ) . H^e call $ i/ie simplicial 2-form associated to V. 

Proof. Our goal is to check the compatibility conditions of (2.17). First it will be helpful 
to rewrite "&(k)(gi, ■ ■ ■ ,9k)- With a few algebraic calculations we obtain 

%) (gi,...,g k ) = (V £fc (gi,...,g k ) + hA( gi ) + t 2 A( gi g 2 ) + ■■■+ t k A( 9l ■ ■ ■ g k )) 2 

k 

- S ^ t iO gi - 9l + a ( 91 ' ' ' 9i,9i+i- ■ ■ 9j)(Udtj -tjdti) 

i=l l<i<j<k 
k 

= (v £ ) 2 + tfMgi ■ ■ ■ 9i? + [v £ , uA{g x ■ ■ ■ ft)] - ue gi ... gi 
i=i 

+ Y l t i A (9i---9i)>tjA(gi---gj)] 

l<i<j<k 

+ a(gi ■ ■ ■ gi,g i+ i ■ ■ ■ ft )(^<% - tjdti) 

and by expanding [V £ , UA(g\ ■ ■ ■ gi)] = dt i A(g l • • • ft) + ti[V £ ,A( gi ■ ■ ■ gi )] 

k 

= ° £ + tiMdi ■ ■ ■ ft) 2 + dUA( gi ■■■gi) 

i=l 

+ t i [V £ ,A(g 1 ---g i )]-t i e gi ... gi 

+ Yl i t i A (gi---9i): t j A (gi---gj)] 

+ "(ft ■ ■ ■ ft, ft+i • • • gj)(tidtj - tjdti) 

Ck \ k 
i - \e £ + ^ + ^ A (9i ■ ■ ■ g l ) 2 + duA{ gi • • • ft) 
i=l / i=l 

+ ti[V £ ,A(g 1 ---g i )]-t i e gi ... g% 
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Z [tiMdi ■ ■ ■9i),tjA(g 1 ■ ■ -gj)] 
+ a(gi ■ ■ ■ gugi+i ■ ■ ■ gj){Udtj - tjdu) 



k 



\ i=i / 

k 

+ 1> (° £ + A (9i ■ ■ ■ ^? + [v £ , A( 9l ■ ■ ■ 9i )] - e gv „ gi ) 

1=1 

+ dUA(gi ■ ■ ■ gi) - (1 - U)UA{gi ■ ■ ■ gif 
+ Yl i^Mdi- ■■9i),tjA(gi---g j )] 

l<i<j<k 

+ at(gi ■ ■ ■ gi,gi+i ■ ■ ■ gj)(Udtj - tjdU) 

and by Equation (3.8) 



\ i=i / i=i 

+ dUA(gi ■■■g l )-(l- t i )t i A(g l ■ ■ ■ gi f 
+ E \- tiA (9i ■ ■ ■9i),tjA(g 1 ■ ■ ■ gj)] 

l<i<j<k 

+ a(gi ■ ■ ■ gugi+i ■ ■ ■ g^iUdtj - tjdU). 

So we have obtained 
&(k)(9u ■ ■ -,9k) 

/ k \ k 

= 1 - X> r £ + £ L ^*n---m° £ " l "' !H + df i A (9i ■■■g i )-(l- ti)UA{gi ■ ■ ■ gi ) 2 

V t=i / i=i 

+ E ' ' ' 9i),tjA(gi ■ ■ ■ gj)] + a{gi ■ ■ ■ gi,g i+ i ■ ■ ■ 9j){Udtj - tjdU) (4.8) 

l<i<j<k 

As we are using Cartesian coordinates, when 1 < £ < k we have that 

(id x e^)*%)(gi,...,flfc) = $(k){gi,---,9k)\t e =o (4.9) 
and when £ = we have that 

(id x d Q )*'& { j k) {g 1 ,...,g k ) = %)(#i, . . . , g k )\ tl+ ...+t k =i (4.10) 
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To show that (id x <%)*$(fc)((?i, . . . , ftt) = (Si X id)*i?( fc _ 1 ) for 1 < £ < k — 1 note that 
when = 0, dt^ = 0. Prom the above 

k 

0(fc) (ft , • • • , <fc)k=o = ^ + X] *Nft ' ' ' 9if + [V £ , tiA( gi ■■■g i )}- ti6 gv .. gi 



+ X] M(ft • • • 9i),tjA( gi ■ ■ ■ gj)\ 



l<i<j<k 

+ "(ft ■ ■•g i ,g i+ i ■ ■ ■ gj)(tidtj - tjdti) 

which may be written as $(jfc-i)(ft, • • • ,gige+i, ■ ■ ■ , ft) upon reindexing ti+i to ij when 
i < i + 1 < k. 

Now for the £ = case note that when t\ H |-£fc = 1 we have dti + • • • + = 0. 

In the above expression for . . . , we set ii + ■ • ■ + ifc = 1 to obtain 

#(ft,---,ft)l r fc it . =1 = 

(fe \ fe 
1 - I> I * £ + Z) tiVln-gf 1 '"" + dt i A (9l ■ ■ ■ ft) ~ (1 " *i)M(ft • • • ft)' 
i=l / i=l 

+ Z ^*i^(ft ' ' -ft^lft • -gj)] + (Udtj - tjdti)a(gi ■ ■■gi,g i+ i ■ ■ ■ gj) 

l<i<j<fe 

k I k \ 

= E ^ ,/ ' + '/'-^//i E /.-IS//: • • • ft) 2 

+ ^ ^[^(ft • • • flf»), ^(ffi • •■gj)] + (Udtj - tjdU)a(gx ■ ■■g i ,g i+1 ■ ■ ■ gj) 

l<i<j<k 

k 

+ Z t i t j (-A(g 1 ---g i ) 2 -A(g 1 ---g j ) 2 + [A(g 1 ---g i ),A(g 1 ---g j )]) 

i<«<j<fc 

+ (Udtj - tjdti)a(gi ■ ■ -ft,ft+i ■ ■ ■ gj) 

k 
i=l 



+ E • • • ft) - ^(ft • • • fl-i)) 5 

l<i<j<fc 



51 

+ (tidtj - t j dt i )a(g 1 ■ ■ ■ gi,g i+ i ■ ■ ■ gj) 



where by Lemma 3.5 
k 



E /; > : V: •/ 31 + dt i A (9l ■■■9i) 



i=l 



-Utj (~a(gi ■ ■ ■ gi,gi+i ■ ■ ■ gj) - Mg, ■ i • • • gj) 91 '" 9 ')' 

l<i<j<k 

+ (tidtj - tjdti)a(gi ■ ■ ■ ft, ft+i • • • gj) 



and because a is a scalar-valued 1-form we have 

k 

= J2 t i<-m d£S1 " 3i +dt i A(g 1 ---g i ) 
i=i 

+ E '' (.?':"; •••</. • U//' • I ' ' ' .'/; '' '' ) " 



+ (Udtj - tjdti)a(gi ■ ■ ■ ft,ft + i • • • gj) 



k 



»>4 X' ; ' • <H;Mg.---g, 



i=l 

+ E i<i l (;: r il ,Mg,. [ ---g l yi 'if 

l<i<j<k 

k 

+ E ( tidt i ~ tjdtiWgi ■ ■ ■ 9i,9i+i ■ ■ ■ gj) + ^(hdtj - t j dt 1 )a(gx ) g 2 • ■ ■ gj) 

2<i<j<k j=2 
k k 

E^^-.,,^" 1 '"'"' + ZX^G* ■ ■ -9i) - A(gx)) 

i=l i=2 

+ E -titj(<P* gi ... gi A(g i+1 ... gj r-9if 

l<i<j<k 

+ E ~~ tjdU)a(gi ■ ■ ■ 9i,9i+i ■ ■ ■ gj) 

2<i<j<k 

+ E ^ 1_ E^J Mj-tj (^-dte)jja(gx,g2---9j) 

k k 

E <r ' + E dt ^9i • • • 5.) " A( 91 )) 

i=l i=2 

+ E -titj(^... gi A(g i+1 ... 9j r^) 2 

l<i<j<k 
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+ E ( tidt i ~ t j dt i) a (9i ■ ■ ■ 9i,9i+i ■ ■ ■ 9j) 

2<i<j<k 

k k 

+ E ( t j dt i- t i dt j) a (9i,92---9j) + ^2dt j a(g 1 ,g 2 ---gj) 
j,e=2,j^e j=2 
k k 
= E l W*9i~ 9 f BV " ai + E dt i( A (9i ■■■9i)- A(gi) - a( gi ,g 2 ■ ■ ■ 9i )) 

i=l i=2 
l<i<j<k 

+ E ( tidt i ~ t 3 dt i)( a (.9i,92 ■■■9i) ~ a(g 1 ,g 2 • • ■ gj) + a(g 1 ■ ■■g i) g i+1 • ••#,)) 

2<i<j<k 

and by Lemma 3.5 and Corollary 3.6 we have 

k k 



E t ^- 9 f 9V " 91 - E dti<P* 91 A(g 2 ■ ■ ■ 9l 



yi) gi 

i=l i=2 



l<i<j<k 

+ E ( tidt i ~ t J dt i) i P*9i a (92 ■ ■ ■ 9i,9i+i ■ ■ ■ 9j) 91 

2<i<j<k 

k k 

(i -h t k ) e £ + E^ 1 -^ S1 "' 9S - E dt wli A (92 ■■■m. 

i=2 i=2 



9i 



£-(l-i 2 t k )t j {<p gi A{g 2 ---g j )^f 



3=2 

+ E t,i,(;; l: ..., r M9,.i---9i^ » f 

2<i<j<k 

+ E ( tidt i ~ t 3 dt i) l P*9i a (92 ■ ■ ■ 9i,9i+i ■ ■ ■ 9j) 91 

2<i<j<k 

k k 

(i-h t k ) e £ + Y, t w* 91 ... 9 f 91 '" Bi -E^^fe • --si) 91 

i=2 i=2 



+ J2-(l- tj )t j (<p* gi A(g 2 ---g j r) 2 



3=2 



E w / i.'H//;.:---// ; i" ; -" ) 2 

2<i<j<k 

-( ip * gi A(g 2 ...g i r) 2 -^* gi A(g 2 ---g 3 r) 2 ) 
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+ E ( tidt i ~ t 3 dt i) i Pgi a (92 ■ ■ ■ 9i,9i+i ■ ■ ■ 9j) 91 

2<i<j<k 

k k 

= (1 ~h t k ) 9 £ ■ Y,''^n ^ -£^*^Q72 • ■■g*) 91 

i=2 i=2 

k 

+ Y,-(l-t j )t j (<p* gi A(g 2 ---g j r) 2 

+ £ -t i t j (^ 1 ... gi (A(g i+1 ---g j r^) 2 

2<i<j<k 

-(^^(52 • • • 9l ) 91 ) 2 - (<P* gi A(g 2 ■ ■ ■ g 3 r?) 
+ E UtAH 1 A (92---9 l ) 9 \^ gi A(g 2 ---g^} 

2<i<j<k 

-[<p* gi A(g 2 ---g i y\<p* gi A(g 2 ---g j r]) 

+ E ( tidt i ~ t J dt i) l P*g 1 a (92 ■ ■ ■ 9i,9i+i ■ ■ ■ 9j) 91 

2<i<j<k 

= (l-i 2 i fe )0 £ 

k 

+ E ^i-^ - dti<P* gi A(g 2 ■ ■ ■ 9i r - (1 - U) U{^ 9l A{g 2 ■ ■ ■ g^f 

i=2 

+ E -^{^■■■ 9 M(9i+i---9 j ) 9v -- 9i ) 2 

2<i<j<k 

-(<P* gi A(g 2 ---g i r- V * gi A(g 2 ...g j r) 2 ) 
+ E -t i t j fc; i A(g 2 ---g i y\ ( p* gi A(g 2 ---9 j yi] 

2<i<j<k 

+ (Udtj - tjdti)ip* gi a{g 2 ■ ■ ■ gi,g i+ i ■ ■ ■ gj) 91 
and using Lemma 3.5 again we have 

= (i-t 2 t k )e £ 

k 

+ E tiVl-gf 1 '"* ~ dt *< A (92 ■ ■ ■ 9l ) 91 - (1 - U) ti(<P* gi A(g 2 ■ ■ ■ g^f 

i=2 

+ e -^(^... 9 M(9i+i---9j) 9V -- 9i ) 2 

2<i<j<k 

-(-a(g 2 ■ ■ ■ gi,g i+ i ■ ■ ■ g s ) - cp gi ... g .A(g i+1 ■ ■ ■ gj) 9l '" 9i ) 2 ) 
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+ Yl - t i t M 1 A (92---9i) 91 ,<P* gi A(92---9j) 91 ] 

2<i<j<k 

+ (Udtj - tjdti)ip* gi a{g2 ■ ■■ gi,gi+i ■ ■ ■ 9j) 91 
= (l-t 2 t k )9 £ 

k 

+ E^^i-.'/«^" l "'" i - dt i< A (92 ■ ■■gi) 91 - (l - U^Afa • • • ft ) 91 ) 2 

i=2 

2<i<j<k 

+ (ijdtj - tjdti)ip* gi a(g2 ■ ■ ■ g>u g%+x ■ ■ ■ gj) 91 

= v* gi Q(k-i)(g2, ■ ■ -,9k) 91 - 

which is the form of $(jfc—i) we obtained in (4.8). □ 

Remark 4.7. If we define by (V fe ) 2 = [Cj, ■] then the discrepancy between and 
the simplicial 2-form associated to V, i-e. — (fll, • • • , <7fc)> is given by 

E hOgi-gi ~ ^2 a (9i • • • 9h 9i+i ■ ■ ■ 9j)(Udtj -tjdti) (4.11) 

i=l l<i<j'<fc 

which is a scalar- valued form. In other words, — € fi 2 (M^M. Since a scalar 
valued form in tl 2 (M£.) is central in O^M^End^), [&[ k y] = [%), •]. Hence 

(V fc ) 2 (a) = [%),a] (4.12) 

for any a £C°°{M^ y End 8 fa). 

Definition 4.8. Notice from the previous formula for i? that i9 ' 2 = 0. We will then 
define $ w = ut? 2 '°+v ' 1 . With this rescaling we can view i? u as an element of f2^(M,)[u]. 

4.3 Simplicial Dixmier-Douady form 

Theorem 4.9. Xei (L, /z) 5e a ger&e on M xi T and Ze£ V be a connection on L — > M x T 
wit/i simplicial 2-form § as in Theorem 4-6- Let @(k) = V k $(k)- The collection of 3- 
forms ®(k) define a simplicial 3-form {©(&)} £ 3 (M.). Furthermore, 0^ = as an 
element ofn r ' s (M.). 
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Proof. First let us provide a formula for Off.)- Using the Bianchi identity 
0(fc)(ffi, ■■■,9k) = (V fc %))(sd, . . . ,gk) 

(k 
(V k ) 2 (g 1 ,...,g k )-J2t i e gi ... gi 
i=i 

+ a (9i---9i,9i+i---9j)(Udtj -tjdti) 

l<i<j<k 

= (V fc ) 3 ( 5 i, . . . , 5fc ) - (V fc Q?i, . . . , 5fc )) fe^fli-K 

\i=i 

+ X] a ( gi ' ' ' 9i,9i+l- ■ ■ 9j)(Udtj -tjdti) 
l<i<j<k 

k 

= — ^2 dU&gi—gi 
i=l 

+ ^ da(flfi • • • gi,g i+ i ■ ■ ■ gj){Udtj - tjdti) 

l<i<j<k 

+ 2a(gi ■ ■ ■ 9h9i+l ■ ■ ■ gj)dtidtj, 
since 8 g and a(g,g') are scalar-valued forms. Since there are no terms containing 

3 

dti 1 dti 2 dti 3 where 1 < i\,i2,h < k, we see that 0j£) = 0. 

Using this formula, we can see Q(k) is simplicial by a direct calculation. First we 
check that 0( fe )(#i, . . . ,9k)\t t =o = ®(k-i)(gi, • • -,9l9i+\, ■ ■ ■ , 9k) for 1 < I < k. When 
tj> = 0, we have 

k 

®(k)(9l,- ■ ■ ,9k)\t e =0 = - j ^2dti6g 1 ...g i 

1 = 1 

+ ^2 da(g 1 ---g i ,gi + i---g j )(tidtj -tjdti) 

l<i<j<k 

+ 2a(^i • • • gi,gi+i ■ ■ ■ gj)dUdtj 
= ®(fe-i)(ffi) • • • ,9e9e+i, ■ ■ ■ ,9k) 

by substituting ti for whenever i > I. Now on the face t\ + • • • + = 1 we have 
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dt\ + • • • + d% = so that by replacing t\ 

®(k){g\, ■ ■ ■ , gk)\t!+-+t k =i = 

k k 

= dt i 9g 1 ...g i + ^ dtiO gi 

i=2 i=2 

+ ^2 da(g 1 ■ ■ ■ gi,g i+ i ■ ■ ■ gj){tidtj - tjdti) 
2<«<i<fc 
k 

+ } j da(gi,g 2 ■ ■ ■ &)((1 ~ *2 t k )dU - U{-dt 2 dt k )) 

i=2 

+ 2a(^i • • • 9t,5i+i • • • gj)dUdtj 

2<i<j<k 
fc 

+ y^2a(ffi,ff2 • ■■gi)(-dt 2 dtkjdU 

i=2 

By Proposition 3.1 applied in the first line and Corollary 3.6 as well as Udti — Udti = 
in the third line and dtidtj = —dtjdti applied in the other lines 

k 



^2dt i (da(g 1 ,g 2 •••&) 



991 

i=2 



+ X] ( da (di,g2 ■ --gi) - da(g 1 ,g 2 ■ ■ ■ gj) + da(gi ■ ■■g i ,g i+1 ■ ■■gj))(t i dt j - tjdti) 

2<i<j<k 
k 

+ ^2 / da(g 1 ,g 2 ■ ■ ■ gijdti 

i=2 

+ ^2 2 (a(5'i,92 •••gi)- a(g 1 ,g 2 • ••#,-) + a(gi • ■■g i ,g i+1 • • • gj))dtidtj 

1<i<j<k 
k 

j=2 

+ ^ da(g 2 - ■■ gi,g i+1 - ■■ gj) 9l (tidtj - tjdti) 

2<i<j<k 

+ ^ 20(52 • • • Siiffi+l ' ' ' gj) 91 dtidtj 
2<«<i<fc 

= ©(fe-i)(52, ■ ■ ■ 

by a cancellation and application of Corollary 3.6 again. □ 
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Definition 4.10. Given a gerbe (L,fi) on M x Y with connection V on L — > M x T 
and simplicial 2-form {$(k)} associated to V, the simplicial 3- form — G = — {V fc t?^)} is 
the simplicial Dixmier-Douady form associated to V. 

Theorem 4.11. Let (L,/i) be a gerbe on M x V and V a connection on L — > M x T 
with discrepancy a and simplicial 2-form Then the simplicial Dixmier-Douady form 
— O £ f2 3 (M,) associated to V is a representative of the Dixmier-Douady class ofV on 
(L,fi). 

Proof. We will apply the quasi-isomorphism of integration along simplices Za described 
in Theorem 2.24 to see X A (0) = {-a, 9) 6 fi^Mp)) © fi 2 (M (1) ). For any g G T, 

©(I) (5) = -^i0 9 

so that restricted to M x {g} 

1a ■ Q { i)(g) ^ / B (1) ( 5 ) = / -e fl dti = -9 g . 

J A 1 JO 

For any gi,g 2 eT, 

®(2)(gi,92) = -dt 1 6 gi - dt 2 6 g2 + da(gi,g 2 )(tidt 2 - t 2 dt x ) + 2a(g 1 ,g 2 )dt 1 dt 2 
so that restricted to M x {ji} x {^} we have 

2-A : 0(2) (51, 52) !->• ^ 0(2) (ffl, 92) 

= / -dti6 gi -dt 2 9 g2 + da(gi,g 2 )(tidt 2 -t 2 dti) + 2a(gi,g 2 )dtidt 2 
J A 2 

2a(gi,g 2 )dt 1 dt 2 

A 2 

/ 2a(gi,g 2 )dt 1 dt 2 
JO 

= a(gi,g 2 ). 

Furthermore, 0^ = for s > 3, i.e. ©(&) has at most two dt's in any term, so that 

2A(e (fc) ) = / e (fc) = 

JA 1 ' 
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whenever k > 3. Hence : — G i— > —a + 9 so that -6 is a representative of the 
Dixmier-Douady class defined by (—a, 8) in the bicomplex of compatible forms. □ 

We may also introduce a rescaled version of the simplicial Dixmier-Douady form 
denoted Q u in the complex f^(M») as in (3.37). With the rescaling V£ = (V k ) lfi + 
u _1 dA we have V*(# u )( fe ) = « -1 (®u)(A0 as 

((V*) 1 ' + u-^K^)) 2 ' + (^j) 1 ' 1 ) = «((V fc ) 1 '°(tf w ) a ' ) 8 ' 

+ ((V fc ) 1 ' (^ (fe) ) 1 ' 1 + d A (^ (fc) ) 2 ' ) 2 ' 1 
+ n- 1 (d A (^ ) )) 1 ' 2 

= n(e (fe) ) 3 '° + (e (fe) ) 2 ' 1 + n- 1 (e (fc) ) 1 ' 2 

Also note that under this rescaling, u(V^) 2 = [($«)(£;)> ']■ 



Chapter 5 

Cocycles on the twisted convolution algebra 



Now we will construct a morphism from the twisted simplicial complex of a gerbe 
(L,fi) on M x r to the periodic cyclic complex of the twisted convolution algebra 
C C °°(M x T, L). We will continue to denote M. = (M x T).. 

5.1 Twisted Convolution Algebra 

Definition 5.1. For a gerbe (L, /i) on £/, the twisted convolution algebra C^°(Q,L) is 
defined as follows. The convolution product on C£°(Q,L) is defined by the (finite) sum 

(/i*/ 2 )G?)= X) /i(5i)-/ 2 (52) (5.1) 

{(3i,92)ee( 2 >|gi92=9} 

for sections /i,/2 S C£°(Q,L), where fi(gi) ■ 72(52) is computed using the product 
fJ-( gi , g2 ) '■ L\gi <S> L\ g2 — > L g . This gives C^°(Q,L) the structure of an algebra. 

In particular, for Q = M xi T, the convolution product on C£°(M x T, L) may be 
written 

{h*h){x,g)= £ /W/iK®(/2|mJ 51 )(*,s) (5-2) 

9132=3 

= £ h( x i9i)- f z&gi, gi) (5.3) 

9i 92=3 

for sections /i,/2 € C^°(M x T,L), where fi(x,gi) ■ fz(xgi,g2) is computed using the 
product /U SljS2 : L gi <g> (LgJ 91 ^> L fl . 



(Snf)(gi, ■ ■ ■ ,g n - 
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5.2 JLO morphism 

Following [21], [18], [23], and [29] we now construct a JLO-type morphism from 
the twisted simplicial complex of M x T. 

For the discrete group V and a T-module K, let C n (T,K) denote the space of 
degree n T-cochains, i.e. the space of maps r n — > K. For any / € C n (T,K) define 
S T : C n {T,K) -> C n+l {T, K) to be the group coboundary 5 T = EiU^ 1 )^ wh ere 

/(52, • • • ,9n+i) 91 for i = 

(-iyf(gi,---,gi-i,gi9i+i,gi+2,---,gn+i) for 1 < z < n 

(-l) n+1 /(5i,---,5n) fori = ?i+l, 

where the superscript 91 denotes the action of g\ € V on K. The cohomology of the 
complex (C* (r, K) ,5r) is the group cohomology of T with coefficients in K . In particular 
we will consider the complex 

(C k (r,C n (C™(M,End£))[u- 1 ,u]),(b + uB) + (-l) n 5 r ) (5.4) 

of T-cochains with values in the periodic cyclic complex of C^°(M, End £). By the 
operators b and uB on such T-cochains we mean the operators defined by 

(bf)(gi,- ■ .,g n ) = Hf(gu ■ ■ -,9n)) (5-5) 

and 

{uBf)(gi,...,g n ) = uB(f(g 1 ,...,g n )) (5.6) 

for any / G C n (T, C*(C~(M, Endf))^ -1 , u]). Let us also denote <5 r ' = (-l) n -5 r . 

Theorem 5.2. Given a gerbe (L, /z) on M xi T urai/i connection V, associated simplicial 
2-form # cmc? associated simplicial Dixmier-Douady form 0, and direct sum bundle E, 
there is a morphism 

T V : (ST (M.)M, ud d fl + d A - Q u A •) 

— ► {C'(T,C'{C^(M, End £))[u-\u]),b + uB + 5 T ') (5.7) 
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from the Q-twisted simplicial complex of M. to the complex ofT-cochains taking values 
in the periodic cyclic complex of C^°(M, End£). The morphism ry is defined by the 
JLO-type formula 



Tv(u)(d ,a 1 ,...,a n ) = y~) \ 

k hi JA k 



A" 

w/iere w = {w (fc) } G 0*(M.), ai,...,a„ € C C °°(M, End £), a G C C °°(M, End £), and 
ctq, . . . ,a n are bary centric coordinates on A n . 

Proof. Let us first discuss the reason the sum is finite. We must check in particular 
that the degrees of the forms being integrated on the simplices A fc being summed over 
are bounded. Given u G Q e _(M 9 ), and ao,. . . ,a n G C*(C^°(M, End £)), consider 



co (k) A ( ! tr(dbe-"°<*">w VjCaiJe-^^W ■ • • v£(a n )e 
\JA» 



e-M'MwJdffi-.-dffn ) (5. 



The maximum number of dij's due to uj is £, where are coordinates on the simplex A k , 
as the number of dWs cannot exceed the degree of u). Within the trace, the terms V^(aj) 
do not contribute any dtys because aj is extended trivially to A n and (V^) ' 1 = dj\. 
Since •d^) = + &(k) an< ^ ™ particular = 0, the contribution to the degree of the 
form from all the (#u)(fc) appearing must be at most dimM, i.e. the number of dx^s 
(where Xj's are coordinates on the manifold M) is greater than or equal to the number 
of dt/s. Hence the simplex degree of the form above is at most I + dimM so the sum 
is finite. 

Without loss of generality we will compute Ty((uddR + d^)u)(ao,ai, . . . , a n ) as 
a e~ CTo(,?u) w V£(ai) • • • eT^A*) in the integrand above means 

aoe- aM w V*(ai) • • • e^-^M + Ae^^M V*(oi) • • • e -0 '*^*) 

for a = (oq, A). 
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Following [23], we will compute the effect of (ud d R + d/±). This gives 
Ts7((ud dR + d A )u)(a ,ai, ...,a n ) 



V I I (ud dR + d A )u {k) A ( f tr^e^ ^ V£( Gl ) • • 
^JmJai: \JA" 

-E/ / w (fc) A f/ (ud dR + d A )tv(a e~^wV k u ( ai ) 
■■■e- aM ^)da 1 ---da n 

+ (-l) n / / A f / tr(a e- CT0 ^^) V*( 0l ) • • • 

JMJd(A k ) \JA n 

... e -^(^) (fc) ) dcJl ... d(J 



V / / u>( k )*( [ utr(V^(a oe - <To( ^ ) «---e- CT ™ ( ^ ) «))da 1 ---da^ (5.10) 
^~ JAf J A fc \J A" J 



+ (-1)" / / W( fc )A(/ trCaoe-^^W.-.e-^^w)^!---^), (5.11) 
ja/ Ja(A fc ) Vja™ / 

where the second equality follows from Lemma 3.15 and the last from Lemma 4.5. By 
commuting forms inside the trace within the first term (5.10) we have 

tttr (v*(a e -< ' lD( * , ' ) C*>V*(ai) • • • e~° n ^W) 
= utr (vi{a )e- ao{{>u) (V V*(ai) • • • e~ aM ^ 

n-l 

+ ^(-1)* (utr (a e- a °^ u) W ■ ■ ■ V*(ai)V* (e'^^V)) V£(a i+ i) • • • e^™^^ 
i=0 

+ utr (a e- aM W . . . V*(a i )e~ <r<( *« ) W(V*) 2 (a i+ i) • • • e -<rn( * u) w)) 
+ (-l) n utr (aoe-^^^^V^ai) • • • V k u {a n )V k u ( e - aM ^) 
= utr (vi(a )e- aM W V*(ai) • • • e -<Tn( * u) < fc >) 
+ J](-l) i+i(n+1 - 4) utr( V,f; (e^^A*)) V*(ai+i) 



. . . e -«-«(*«)(fc) aoe -«»(*«)(fc) . . . v*(oi) 
+ £(-l)<tr (aoe- 00 ^^*) • • • V^a^e^A*) [(0 tt ) (fc) , a i+1 ] • • • e - ff »<*»>w) 



n-l 
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utr fvi{a )e- aM WVi( ai ) ■ ■ ■ e^"^*)) 

n 

+ ^(- 1 ) i+i(n+1 " i)+i(n_i) (-^( «)(fc)) A tr (a e" CTo(,3l,) ( fc )V^(ai) • • • e ~ aM ^ 

i=0 
n-l 

+ ^(-l)Hr (a e- CT0 ^)c fe ) • • • V^e-^W [(# u ) {k) ,a i+1 ] ■ ■ ■ e'^^w) 

i=0 

utr (vi{a )e- aM ^ V*(ai) • • • e~ <Tn( *" ) w) 

- (e u ) (fc) A tr (aoe-^^^W V*(ai) • • • e-^w) 

n-l 

+ ^(-l)Hr (aoe-^^-iw • • • V^a^-^V) [(tf tt ) (fc) , a m ] • • • e "^)« N 



i=0 

7k\2/„\ _ [Y„Q V . „1 „,V7fc 



where we have used it(V£) 2 (a) = [(tf«)( fc ), a], iiV£ ( J = and 

uV j / e - CTi (^) (fc) ) = _ ^ + e - CTl (^) (fe) (512) 

as well as Y^i=Q^ a i = ^ ana - SILo "* = 1 on A™. Therefore by adding ry(— 6« A w) to 
Ty((uddR + ^a)) we obtain 



^ jL Ja* W(fe) A (An utr ( V "( a o) e ~ CTO(,? " )cfc3 ' ' ' • • • da n ) (5.13) 

-/Ja^KL^ 

• • • V*(oi)e-^^-)w [(# u ) (k) , Oi+i] • • • e^^C*))) (5.14) 



+ ("l) n 



V JA" 



'm Ja(A fe ) 

-^(^W)^!---^) (5.15) 



Next we compute the effect of the algebraic operators. The first term above, (5.13), is 
equivalent to —(uB)r^(u})(ao, . . . ,a n ) as 

(uB)rs7(u)(ao, . . . ,a n ) 

n 

= y^(-l) m ttry(a;)(l, ctj, . . . , a n , a , . . . Oi_i) 

i=0 

= £(-!)"*«£ / A ( / tr(e- Btt ^WV*(a i )e- B1 (*->W 
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• • • Vj(o n )e" ff "~ i+l(i V)Vj(a )e" ff "-' +2(i V') . . . 

• • • Vftai-Oe-^^w)^! • • • da n+1 

E^E^^ 

■ ■ ■ Vj(o„)e"' M+l(4) wvJ((i )e"'"-' +2(i) w • • • 



• • • V k u (a l - 1 )e- {ao+(I - +l) ^ ) w)da l ■ ■ ■ da n+1 
Y,(-l) ni+{n - i+1)i u E / / A ( I trh k a (a Q )e-^ +M ^ ■ ■ ■ 

• • • V^(a i _i)e" (<T0+,7 " +l){,9u) ( fe )V^(a i )e- ,Tl{,?u) ( fe ) • • • 

• • • V^aOe-^^wW • • • da n+1 



X>E/ / W « A (/ ^tr(v^(ao)e- CT0 ^)V^(a 1 ).-. 
i=0 fe ^ M ^ Ak \JA n 

■■■V k u {a n )e- aM ^)d<j l ---do r , 

«E/ / W (*) A (7 tr(vS(ao)e- CT0 ^)V^(a 1 ) 
^rJMJA k \JA n 

■■■V k u {a n )e- <Tn ^))da 1 ---da n 



where we have changed variables, performed a partial integration, and then used that 

The second term in ^((ud^R + g?a — A -)u;), (5.14), is — 6rv(w)(ao, . . . , a n ) as 
6r v (w)(a , . • • ,a n ) 

n-1 

= E( -1 ) JrV ( a °' ' ' ' ' a i a j+l' • • • ) a n) + (-l) n Tv(Ona0,ai, ■ ■ ■ ,On-l) 
i=0 

= E/ / W (*) A (/ _ tr(v£(aoai) C -^*A*>vS(a 2 )... 
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n— X 

+ E(- 1 ) 4 E/ / W W A (/ (tr(aoe-»^WV*(oi) ■ ■ ■ 

+ ("l) n E / / W W A ( / tr(V^(a n a )e- CT0 ^)w V*( fll ) • • • 
• • • V^K-Oe-'"- 1 ^)^! • • • da^i) 
and because Vjj(ajaj + i) = V^(ai)aj + i + ajV fc (aj_|_i) we have 

= E / / A ( / _ tr(V^(a )a ie --^)( fc ) V*(a 2 ) ■ ■ ■ 

• • • V^a^e-^^w)^! • • • da„_i) 

+ E / / W W A ( / tr(a V£(ai)e-^M V £(a 2 ) • • • 

n— 1 

+ E(- 1 ) 4 E/ / W W A (/ tr(a e"^"V-)V^(a 1 )--- 

■ • • e-^-^wV^K+xe-^^*) • • • V^Me-^^V-))^! • • • da n - X ) 

n—l 

+ E(- 1 ) 4 E/ / W W A (/ tr(a e-^"V-) V ^(a 1 )--- 

+ (-1)" E / / w « A ( / tr(V^(a n )a e--^)w V*(ai) • • • 

■ ■ • V£(a n _ 1 )e- CT "- I{ ^ ) «) ( ia 1 • • • da n ^) 

+ (-1)" E / / w « A ( / _ tr(a n VS(a )e- CT0 ^)w V*(ai) ■ ■ ■ 
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and by combining terms as well as commuting terms in the trace of the last two terms 

■ ■ ■ e-^^W vSCai-iMai, e-^ M ^]V k u (a l+1 ) • • • 
■■■V k u (a n )e-°"- M ^)da l ---da n _ 1 ). 

As [dj, •] is a derivation, we can use the integration formula of [26], Equation 7.2, to 
obtain 

[ a . je — ,(^) (fc) ] = ^ 1 e -(i-K(^) (fc) [ aji _ CTj (tf u ) (fe) ] e -™^)«d<7 

so that we have 

i^i k KJa"- 1 Jo 

■ ■ ■ e -^^^)(WS(a i _ 1 )e-( 1 -> i ^'w[(4) (fc) ,ai]e- wl ^WV*(ai+i) • • • 
• • • vSCanJe-^- 1 ^-^*))^^! • • • d<r n _i) . 

Now by the change of variables in the i-th term, (1— a)<Ti = and a[ = (Ji~\(J (as well 

as CT = a' , ... , = Cr'i-2 and &i = ■ ■ ■ > a n-l = v' n ) we nave = a 'i~l + °i> 

and in fact <Tq + • • • + cr^ = 1 and dcr' + • • • + da' n = 0, i.e. barycentric coordinates on 
A". So with this change of variables the above expression is equivalent to (5.14). 

The third term in Ty{{uddR + d& — Q u A -)uj), (5.15), equals <5r'Tv(w)(ci0) • • • , o n ) 
because and {uj^)} are simplicial forms. In particular, if we define Cartesian 

coordinates on A k by t±, . . . ,tk then the restriction of to the face t{ = is a form 
on A fc_1 given by 

• • • ,5fe)k=0 = ^(jfc-i)(5l) • • • ,9i9i+i, ■■■,9k) 

for 1 < i < k — 1 and 

• • • ,Pfe)|t fe =o = • • ■ ,9k-\) 
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The restriction to the face Yli=i £i = 1 is a form on A fe ~ x given by 

#(fc)Oi, • • • ,9k)\Y,ti=l = &(k-i)(92, ■ ■ -,9k) 91 

as shown in Theorem 4.6. Hence the corresponding identities hold for # u . We also have 
the same sort of identities for {uj^} because {^(fc)} is a simplicial form. In addition 
V fc (<7i, . . . , <7fc) satisfies the following identities for 1 < i < k — 1 

V fc (^i, • • • ,9k)\t i= o = V £ + + • • • + • • • gi -i) + t i+1 A{ gi ■ ■ ■ g i+1 ) + ■■■ 

■■■ + t k A( gi ---g k ) 
= S/ k ~ l (g 1 ,...,g i g i+ i,...,g k ) 

with a relabeling of variables. Similarly V fc (<?i, . . . ,g k )\t k =o = V fe-1 ((7i, ■ ■ ■ ,9k-i)- Fur- 
thermore, 

V fc (£i, . . . ,9k)\j2u=i = V £ + A( 9l ) + t 2 {A{ 9l g 2 ) - A{ 91 )) + ■■■ 

■ ■ ■ + t k (A( gi ■ ■ ■ g k ) - A( 91 )) 
= <p* gi (V £3 ® 1 + 1 ® V p ) + Haiguto) + <^(<? 2 ) 91 ) + ■ ■ ■ 

1- t k (a{gi,g 2 ■ ■ ■ gk) + <P* gi A(92 ■ ■ ■ 9k)) 

= <p* gi (V f9 + t 2 A{g 2 ) + ■■■+ t k A(g 2 ■ ■ ■ g k ))^ 

+ V*gi V 9 + i 2a(s , i,5 , 2) H t k a(g 1 ,g 2 ■ ■ ■ g k ) 

= <p* gi (V £3 + t 2 A{g 2 ) + ■■■+ t k A(g 2 ■ ■ ■ g k ))^ 
^V k ~\g 2 ,...,g k r 

by Lemma 3.5 and the definition of A(g\). Since V 9 + t 2 a(g\, g 2 ) + ■ ■ ■ t k a{g\,g 2 ■ ■ ■ g k ) 
is scalar-valued, 

[V fc-1 (s2, • • • ,9k) 91 + V^Vg + t 2 a{gi,g 2 ) H t k a(g 1 ,g 2 ■■■9k),v] 

= [V h - 1 (g 2 ,..., 9 k) 9 \7 1 ] 
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for any rj £ C£°(M, End £). The corresponding identities hold for as well. 
Taking orientation into account we may write 

d(A k ) = A fc | Et!=1 - A fe | tl=0 + A k \ t2=0 ■■■ + (-l) k+1 A k \ tk=0 

where a negative sign denotes the orientation opposite the orientation induced by A k . 
With this the third term of r^((uddR + d^ — @ u A-)uj)(ao, . . . , a n ), (5.15) , may be written 

("!)" E / / W W A ( I tr(a e- ff » (4) (')VS( fll ) • • • e^^W)^ • • • da n ) 

k 

+ ("l) n E(-l) 4 f f A f / ti(a e~ aM ^ ■ ■ ■ e-^^dai ■ ■ ■ da n ) . 



i=l 

Upon evaluation on gi, . . . , g^ 



(V^ 1 ^, . . . , &fc )(ai))« • • • e --»((^)(*-i)(^-^)) sl ) d(7l . . . da n ) 
+ (-l) n E( _1 ) / / w (fe-l)(5l,---,ffiffi+l ) --- ) 5fe)A 

JmJa 1 *- 1 



i=i 



A (J tr(aoe-^^(*-i)^'-"' fl4 *+ 1 '"-^(V*- 1 (^i J . • . , • • • 

. . . e -<Tn(*«) (fc _ 1) (fll,...^i+l,...^ fc )) d(7l . . . d(Jr ^ 

+ (_!)«(_!)*/■ /" • • . ,flfc_i)A 

A (7 tr(a oe - <Jo( ^ ) ('=- 1 ) (31 '-' 9 '=- l) (V^ 1 ( 5l , . . . ,0 fc _i))(ai) • • • 
• • • e -°-»(*«)(*-i)0'i.™.flfc-i)) d(7l . . . dcJn ) 

: (-l) n r v (w)(g 2 , • • • ,5fc) 9l («o, • • • ,a n ) 
fe-i 



+ (-l) n (-l)*7vM(5i, • • • , 0fc_i)(ao, • • • , an) 
= (5 r 'rv(w)(gi, . . .,g k )(a Q , ...,a n ) 

This proves that ry ° (ud^R + d<\ — @ u A •) = (—(b + uB) + 5r') ory. □ 
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5.3 Algebraic morphisms 

Now we will need a different cochain complex computing group cohomology. For 
a discrete group F and a T-module K, let C n (F,K) denote the space of homogenous 
n-cochains ofT with values in K. This is the space of degree n + 1 T-cochains, i.e. the 
space of maps r n+1 — > K, that satisfy the condition 

gf(go, ■■■,9n) = f(ggo, gg n )- 

For any / G C n (T,K) define 5 r : C n {T,K) — >C n+1 (T,K) by 

n 

($rf){go,---,gn) = ^( _1 )^^ ' • • • >&> • • • >9n)- (5-16) 

i=0 

There is a bijection from C n (T, K) — > C n (T, K) given by / i— > f where / is defined by 

/(so, ...,g n ) = f{gQ l g\, (gogi)~ 1 g2, ■ ■ ■ , {go ■ ■■9n-iT 1 9n) (5.17) 

for any / G C n (T,K) and go,...,g n G T. Therefore complex (C(T,K),5r) also com- 
putes group cohomology. 

Proposition 5.3. The above bijection induces a map 

*o : {C*{T,C*{C™{M,En&E))[u- x ,u])^ + uB + 5 v ') 

— ► (C*(r,C m (C%°(M, End£))[ U -\u}), b + uB + 5' r ) (5.18) 

by the formula 

*o(c)(so,-- • ,9n) = c{go l gi, (9091)^92, ■ ■ ■ , (go ■ ■■9n-i)~ 1 9n) (5.19) 

for any c G C'{T,C' {C^°{M, End £))[u~ l ,u]) 
Lemma 5.4. There is a contracting homotopy 

h : (C fc (r,C n (C7 c 0O (M,End < S))[n- 1 ,M]),5 r ,(-l) fc (6 + uS)) 

— >{C k ~ 1 {T,C n (C^ 3 (M, End£))[«~\«]),<5r, (-l) k (b + uB)) 
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Proof. First we will define a map 7 : C™(M, End 8)® n — >CT by 

7 : ^9o,3i ( fl o) ® E gu92 (ai) ® . . . <g> ^ n , 9o (a„) ^ g (5.20) 

where E gi:9i+1 (ai), E gnjgo (a n ) G C^°(M, End f) for < i < n - 1. Note that by multi- 
linearity, 

7(^90,91 ( fl o) + E g > ojgi (a ),E gi! g 2 (ai), . . .,E gn>go (a n ) + E gn ^ o (a' n )) = go + %. (5.21) 
Furthermore, the map 7 is equivariant: 

l(9 ■ (E go , gi (ao) ® • • • ® ^9n,9o( a n))) = 7(^990,991 ( a o) ® ■ • ■ ® ^99„,99o( a n)) 

= #30 

= 9l(E go , gi (ao) ® . . . ® £ 9n , 5o (a n )) 

Then we can define a map 

/i : C^+^C^Cf (M.Endf))) — X7 fe (r, C n (C c °°(M, End£))) (5.22) 



by 



(M(5o,---,5fc)(s) = (-l)V(50,---,3fc, 700)00 (5.23) 



for any s € C C °°(M, End £)® n . 

The map h is a contracting homotopy for group cochains as we have 

k 



($rh)f(g , ■ ■ -,gk)(s) = ^(-l) J (/i/)(c/ , • • • •■ -,9k)(s) 

i=0 

k 

= (-l)*" 1 £(-l)7Gto, o fc , 7 ( a ))( a ) 

8=0 

(Mr)/( 5o , ■ ■ • , <7fe)00 = (-l) fe (5 r /)(9o, • • • , 9kM"))(*) 

k 

= (-l) fc J2(-iyf(g Q , ^, 9fc , 7 ( S ))( S ) 
i=0 

+ (-l) fc+(fc+1) /(5o,...,ff fc )(^) 
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so that 



(5 r h + hS r ) = 1 



(5.24) 



is the identity operator. 



□ 



Theorem 5.5. Given a gerbe (L, fj,) on M x T with an L-twisted vector bundle £ there 
is a morphism 

tfi : (C'(T,C'(C™{M, End £))[u~\u]),b + uB + 5' r ) 

— ► (C'(C™(M, End £))[u~\u},b + uB) r (5.25) 

from the complex of cochains on T taking values in the periodic cyclic complex of 
C£° (M, End £) to the periodic cyclic complex of T -invariant cochains on C£°(M, End £). 

Proof Now we will view (C*(T, C*(C™(M, End£ «]), b+uB+S' r ) as a bicomplex 
(C k (T,C n (C™(M, End ^[u- 1 , u]), 5 r , (~l) k (b + uB)) with horizontal differential 5 r 
and vertical differential b + W-B. More explicitly this is done via a morphism 



tft : (C'(r,C'(C c c<3 (M,End^))[u" 1 ,u]),6 + n J B + 4) 

— > (C h (T,C n (C^°(M, End£))[u~ l ,u]),5r, (-l) h (b + uB)) 



which is defined by exchanging the vertical and horizontal differentials and making the 
appropriate sign adjustments S' r i-> 5r and (b + uB) i-> (— l) fc (6 + u5). 

Since the map h is a contracting homotopy for the rows of this bicomplex, i.e. 
the rows of the augmented double complex are exact, the cohomology of the bicomplex 
is the cohomology of the initial column. As described in [3] in the case of the Cech-de 
Rham complex, an explicit morphism 



tfj : (C k {T,C n (C?{M, End £))[u-\u]),5 V i{-l) k {b + uB)) 

— > (C n+k (C c °° (M, End £ )) [u- 1 , u] , b + uB) r 
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is given by the formula 

**(c) = (-(& + uB)h) k c - h(-(b + uB)h) k - l {(b + uB)c) - h(-(b + uB)h) k (d T c). 

For cochains in column k denote D = (—l) k (b + uB) for the sake of brevity. Then this 
formula is 

¥*(c) = {-Dhfc - h(-Dh) k - 1 {Dc) - h(-Dh) k {5 r c). 

Then let ^[ = J2k *i and let *i = ° *t- We can see immediately that if c is a 
group fc-cochain then 

*i(c) e C (r,C n+fc (C^ o (M,End£))[«- 1 ,«]) 

because (-D/i) maps an element of C^T, C 3 (C~(M, End£ u]) to an element of 

C7 i - 1 (r,C i+1 (C c °°(Af, End S))[u~\u}). 

At this point let us recount a lemma from [3]. 

Lemma 5.6. For % > 1 

frpfr)* = (£>/i)\5r - (Dhf^D 

Proof of lemma. Since #r anticommutes with D and 5rh + Mr = 1, 

8 T {Dh){Dhy- 1 = -D^rHDhf- 1 

= -D{l-M T ){Dhy~ l 
= (Dh^riDhy- 1 

Therefore we can commute <5r and (-D/i) until we reach (Dh) l ~ l 5r(Dh) . We obtain the 
formula by 

~5 v (Dh)(Dhy- 1 = {Dhy- l 5 T {Dh) 

= -(Dhy^Dil - M r ) 
= -{Dh) i - 1 D + {DKf5v 

□ 
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The first step in proving is a morphism is to check that ^i(c) does in fact land 
in the complex of T-invariant cyclic cochains 'C n+k (C^°(M, End£)[ti -1 , u], b + uB) r . To 
check this we compute 8r^i(c). By the above lemma, for k > 2, 

?r*i(c) = 8 T (-Dh) k c - &rh(-Dh) k - x Dc - 8 r h(-Dh) k 8 r c 

= (-Dh) k 8 r c + {-Dhf- x Dc - 8 r h(-Dh) k ~ l Dc - 8 r h(-Dh) k 8 r c 
= (1 - 8 T h)(-Dh) k 8 r c + (1 - &rh){-Dh) k - x Dc 
= (1 - l> T h){-Dh) k - l {-Dh5 T + D)c 
= (1 - l> T h){-Dh) k - l (D{l - h8 T ))c 
= {h5 T ){-Dh) k - l {D5 T h)c 

and by applying the lemma again 

= h{{-Dhf"% + {-Dh) k - 2 D){D5 r h)c 

= h{(-Dh) k -%{D5 v h)c + h(-Dh) k - 2 D)(D5 T h)c 

= 

by D 2 = and (8r) 2 = as well as commuting D and 8r- The cases 8r^\(c) = and 
8r^i(c) = are straightforward. Since 8y^i(c) = we see that ^i(c) is T-invariant. 

Next we will check that the boundary operators commute with ^i. Given any 
c € C fc (r,D n (C ( f(M,Endf))[«- 1 ,«]) 

*i((?r + £>)c) = ^\(Dc) + ^ +1 (?rc) 

= {-Dh) k {Dc) - h{-Dh) k ~ l D(Dc) - h{-Dh) k 8 T (Dc) 
+ {-Dh) k+1 {8 r c) - h(-Dh) k D(8 r c) - h(-Dh) k+ %(8 r c) 
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which by the commutation relations for the boundary operators 

= {-DhfDc + {-Dh) k+ %c 
= -Dh(-Dh) k - l Dc - Dh{-Dh)%c 
= D{(-Dh) k c - h{-Dh) k ~ x Dc - h(-Dh)%c) 
= D^ k (c) = D*i(c) 
Hence is a morphism. 

□ 

Theorem 5.7. Given a gerbe (L,fi) ojiMxT with an L-twisted vector bundle £ there 
is a morphism 

^ 2 : C* (C c °° (M, End £ ) [n" 1 , u] , b + uB) T — > C' (C c °° (M x T, L)[u~ l ,u],b + uB) (5.26) 

from the periodic cyclic complex of T -invariant cochains on C^°(M, End£) to the peri- 
odic cyclic complex of the twisted convolution algebra C^°(M x T,L). The morphism is 
defined by the formula 

■®2(c)(a^ ,...,a gn ) 

= <E ltgo (^ ), . . , L ,„...„ i4'" l ), • • (5-27) 

for any go, ■ ■ ■ g n G r. Here c is a cochain in C™(C£°(M, Endf )) r and a 9i is a section 
in C£°(M gi , L gi ) for < i < n, and a^ = (a go ,X) for A G C. 

Proof Note that E ljgo (S^ ) = E hgo (a go ) in C C °°(M, End £). Since a G C C °°(M x 
may be written a = S 9 er a s wnere a g € C£°(M g , L g ) for 5 G T, it is sufficient to define 
\T/2 on such sections. Also note that (a g * a g i) G C£°(M gg i , L gg i) since 

(% *a g i)(x,h) = ^2 a g( x ' h i) • a g i(xh 1 ,h 2 ) 

h\h,2=h 

= a g {x,g) ■ a g ,{xg,g ) 
= Vg,g'( a g® a9 g >)( x ,gg')- 
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As the coboimdary b n = X^iLi d l n , we will prove that d l ^2 = f° r 1 < z < When 

1 < i < n 

= * 2 (c)(a^, • • • , a g . * a gi+1 ,. . . , a 9n+1 ) 

= *2(c) (a^,---,M fl i, fli+ i(a fl « ®ag- +1 ),■■■, a s „+i) 

= c f-^l,so( a flo)' • • ■ ' ^go-gi-i,go—9i+i ((%i,Si+i ( a 9i ® a 9i+i)) 9 ° 9l 

• • • ' - C/ 90- -9n,H u g n+ i 

I P /' — \ p f. 90 ' 9i-i/ 9o---9i-i ^go—gi}} 

— L ^1,90 l u 9oJ' ••• J-^flo— 0i-l,9o— Si+l lA'fli.fli+l ^"fli ^ "g i+ i JJ) • • ■ 

• • • ' - C/ 30- -3n,H u 'g n+1 ^ 

= C (^l,9o( a 9o)> • • ■ ) ^S0-Si-l,S0 'ffi( a Ii ^ )^30---9i,90---9i+i ( a gi + i 91 ); ■ ■ ■ 

• • • > ^SO— 0n,H U gn+l ^ 

= ((fc) (^El t g Q (a go ), . . . , E go ...g i _ 1 ^g ...g i (ag i 9 ) , ... gj ^ ... (a|° +1 S * ) , • . . 

• • • ' - C/ 90- -3n,H u 'g n+1 ^ 

= (* 2 cf)(c) (%,,..., a ffn+1 ). 
For the case of d°^ 2 = ^2d° note that a go * a gi = a go * a gi + Aa 3l so that 

> a g n +i) 

= ^2(c)(^ *a gi ,a 92 ,...,a gn+1 ) 

= * 2 (c) (a 50 * a fll + Aa 91 , a ff2 , . . . , a 9n+1 ) 

= * 2 (c) (a 50 * a gi , a 92 , . . . , a 9n+1 ) + ^ 2 (c) (Xa gi 

= *2 (c) (Ma, ,91 ( a so ® Og? ) ) a ff 2 > • • • i a 9 n+i ) + *2 (c) ( Aa 9l , a w , . . . , a 9n+1 ) 

= c {El,g gi (^90,91 ( a 9o ® a g?))' ^9091,909192 ( a g2 91 )' ' - - ' ^9<^-9n,l( a 3° + f n )) 

+ c (AE 1>sl (a fll ), £; sl>fllS2 «), . . . , £ sl ... Sn , s -! (<;?")) 
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as the second term is nonzero only if g ■ ■ ■ g n+ \ = 1 and g\ ■ ■ ■ g n +i = 1, i.e. go = 1> 

= c {Ei, go (ag a )Eg (u g ogi (a 9 °), Eg ogit g ogi g 2 (a 9 2 91 ), • ■ ■ 

TP .( n 90-9n\\ 
■ ■ ■ i rj 90-gnA\ a g n +l I) 

= C {EX i g (a g0 )Eg 0>gogi (ag°) + XEg 0t g ogi (ag°), Eg g lj g g 1 g 2 (a g ^ 91 ), . . . 

= C ( y El,g O (ag )Eg aj g o g 1 (ag V 1 ), Eg g lt g Q g 1 g 2 (a®° 91 ), . . . , Eg Q . . . g^ > 1 (a^ + f ™ ) J 

= (d°c) (^i, S0 (^ ) ) E g0iS0S1 (a|J),...,^ ... Sn ,i(a««)) 
= (* 2 <Z°)(c) (%;,..., a Sii+1 ). 

We also have d n+1 ^ 2 = ^2d ra+1 as 
(^ +1 * 2 )(c)(a 9o ,...,a 9n+1 ) 
= *2(c)(a 3n+1 *a go ,...,a g J 

= C (-^l,S„ + lflo(M( a Sn+l ® a go +1 ))> Eg n + 1 g 0t g n + 1 g ogi (a 9 g^ + l9 °) , . . . 

jP ^oSn+lflO-Sn-l^ 

' ' ' ' - tJ 9n + l50- -9n-l,l\"9n // 
= C (^l,9n + l9o(^( a 5n + l ® a 90 +1 ))l Eg n + 1 g 0i g n + 1 g ogi (a 9 ™ + l9 °), . . . 

TP , (' n fln+lS0-9n-l^ . „-l 

= c (^go—gn,go(^( a gn+i ® a go +1 ))' -^90,9091 ( a gi)> ■ ■ ■ > E go ... gn _ 1>go ... gn (a^° 9 " 1 )) 

= c (-^'3o---5»i,l( a 9n+i)^'l,9o( a go +1 )' -^90,9091 ( a g?)' ■ ■ ■ > ^90—9n-l,90—9n ( a g° 9 ™ 

= (d" +1 c)(i5; 1 , 90 (a^+ 1 )),ii; 90 , 505l (a^), . . . ,iVw(< + f )) 
= (^ +1 )(c)(a go ,...,a !?n+1 ) 

and the extension to a^, = (a go , A) is not much different from the previous calculation. 
This shows that b^ 2 = *2&- 

Next we show that B^ 2 = ^2B. As B = ^ we will show that s*\I>2 = *2^ for 
< i < n. The identity element in C£°(M x T, L) is (0, 1) where may be considered as 
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the sum of zero sections : M — > L g for any g, so we consider as : M — > L\ below. 
(V 2 s l )(c)(a go ,...,a gn ) 

= (S C) (El t g (a go ), . . . , Eg ...g i _ 1: g Q ...g i {a 9 g i 9 ),■■■, Eg Q —g n _ 1 ,1 {oPg^ 9 " 1 )) 

= (S*c) {E 1 , go (a go ), . . .,E go ... gi _ 1 , go ... gi (a 9 g r 9i - 1 ), • • • , E go ... gn _ ul (a%"*>- 1 )) • (//, • • • g n ) 

— (^r)(E (a 9i "' 9n ) E ( a 9i-9ngo-gi-2\ 

— ^ l.j \ J ^g i —gn,gi~g n gQ\ u 'go )i ■ ■ ■ ^gi—9ngo—9i-2^\ u 9i-l )i 

El,gi( a gi)} ■ ■ ■ i Eg....g n _ lj g i ...g n (a 9 ' t n 9 " 1 ) ) 
= C(l, E\ gi (agj, Eg. t g.g. + 1 (a 9 g l . + 1 ), . . . , Eg i ...g n _ lj g i ...g n (a 9 ' n 9 "), 

TP ( n 9i-9n\ ft ( 9i -9n90-9i-2\\ 

IJJ 9i-9n,gi-gngo\ u 'go )■> • • • s ^Si— snj/o—Si-2,lv."fl»-i )) 
= (*2c)(l, a m , . . . , a gn ,a go , ...,a gi ) 
= (s i ^ 2 )(c)(a go ,...,ag n ). 

Hence \&2 is a morphism. □ 

We have now proved the main theorem. 
Theorem 5.8. Given a gerbe (L, fj,) on M x T with connection V there is a morphism 

$2°*i°$oor v : (fT ((M x T),)[u],ud dR + d A - @ u A •) 

— >C*(C™(M x T,L)[u-\u},b + uB) (5.28) 

from the twisted simplicial complex of M X T to the (b, B) complex of the twisted con- 
volution algebra C£°(M x T,L). 
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